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ABSTRACT. One of the open problems in higher category theory is the sys-
tematic construction of the higher dimensional analogues of the Gray tensor
product. In this paper we begin to adapt the machinery of globular operads
[1] to this task. We present a general construction of a tensor product on the
category of m-globular sets from any normalised (n + 1)-operad A, in such a
way that the algebras for A may be recaptured as enriched categories for the
induced tensor product. This is an important step in reconciling the globular
and simplicial approaches to higher category theory, because in the simplicial
approaches one proceeds inductively following the idea that a weak (n + 1)-
category is something like a category enriched in weak m-categories. In this
paper we reveal how such an intuition may be formulated in terms of globular
operads.

1. Introduction

The subject of enriched category theory [9] and 2-category theory was brought
to maturity by the efforts of Max Kelly and his collaborators. Max also had a
hand in the genesis of the study of operads, and in [10] which for a long time
went unpublished, he layed the categorical basis for their further analysis. It is
with great pleasure that we are able to present the following paper, which relates
enriched category theory and the study of higher operads, in dedication to a great
mathematician.

Coherence issues for higher dimensional categories become interesting from di-
mension 3. In dimension 2 as is well-known, any bicategory is biequivalent to a strict
2-category. However for tricategories, there is something in between strict and weak
— namely Gray categories. These are obtained by defining a symmetric monoidal
closed structure on 2-Cat, the category of strict 2-categories and 2-functors between
them. This Gray tensor product is subtly different from the cartesian product of
2-categories, and Gray-categories are categories enriched in 2-Cat using the Gray
tensor product. The coherence theorem for tricategories [8] then says that any
tricategory is triequivalent to a Gray category. The analogous statement, using
instead strict 3-categories, is false. With strict 3-categories definable as categories
enriched in 2-Cat using the cartesian tensor product, it becomes apparent that
understanding tensor products of higher categories is fundamental for coherence.

In [6] Crans attempted to push our understanding one dimension higher by
defining a tensor product of Gray categories, the ultimate hope being that weak
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4-categories could be shown to be equivalent in an appropriate sense to categories
enriched in Gray-Cat using this new tensor product. However technical difficul-
ties abound with this approach. The tensor product in [6] is described explicitly,
and this is extremely complicated. Clearly understanding the situation in still
higher dimensions requires new ideas. Moreover this Crans tensor product is not
biclosed, and so the proposed semi-strict 4-categories are not enriched in them-
selves. From experience with enriched category theory and its uses in the study
of Gray-categories, this is a serious obstruction to the development of the theory.
However in discussions with the first named author, Crans seemed to have obtained
a proposal for subtly altering his definition so that the resulting tensor product is
biclosed, but unfortunately this was never published.

The situation is very similar to that just before the combinatorial definition
of [1] of weak w-category as given. At that time some people had tried to give
a combinatorial definition of weak 4-category, but such attempts were extremely
complicated. The time was ripe for a new idea and [1] provided it, and in so doing
gave a language which enables one to deal with all the complexity inherent to
defining higher categories combinatorially. From our present perspective the idea
is the following. The description of any n-dimensional categorical structure X may
begin by starting with just the underlying globular data, that is, sets and functions

S S S S S

XO X1 X2 X3 Xn

t t t t t

satisfying the equations ss = st and ts = tt. The elements of X are the objects, the
elements of X7 are the arrows and so on, and such a complex is called an n-globular
set. However at this stage no compositions have been defined, and when they are,
one has a globular set with extra structure. Thus the problem of defining an n-
categorical structure of a given type is that of defining the monad on the category
@Sn of n-globular sets whose algebras are these structures. The surprise is that this
is actually feasible, and in fact leads to a conceptual theory, because apriori one
might expect that the explicit description of these monads would be formidable.

However there are important reasons why they are not. First, the monad 7<,,
for strict n-categories can be described explicitly in an appealing way using trees as
was done in [1]. Second, this monad has very good formal properties — it is a local
right adjoint monad in the sense to be recalled below — and in [15] it was shown that
such monads on presheaf categories are in fact easy to handle. In fact for every such
monad 7', one can define the nerve of a T-algebra which satisfies many properties
that generalise the simplicial nerve of a category. Third, the monads that define
weaker n-categorical structures all come equipped with cartesian monad morphisms
into 7<,. Thus these monads are themselves also local right adjoints, and moreover,
we understand a lot about them combinatorially because we understand 7<,,. In
fact one can define an n-operad as exactly this: a cartesian monad morphism
a : A—T<, !, and an algebra for it is just an algebra of A. All n-dimensional
categorical structures of interest arise as algebras of n-operads, and in [1], weak
n-categories were defined by constructing the appropriate n-operad.

IThat is, A is another monad on @Snv « consists of a natural transformation between the
underlying functors of A and 7, and this is compatible with the monad units and multiplications,
and moreover the naturality squares of « are pullbacks. In fact, by the results of section(6),
compatibility with the monad structure is a consequence of the cartesianness of o, and moreover
given A, such an « is unique if it exists.
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In this paper we begin to adapt higher operads to the task of defining tensor
products in higher category theory. An operad or monad on @Sn is normalised when
it doesn’t affect the objects. All n-dimensional categorical structures of interest
are in fact algebras of normalised n-operads. To each normalised (n + 1)-operad
A, we shall define an associated tensor product on the category @Sn' This tensor
product is laz, meaning that the coherence data for it involves non-invertible arrows.
Nevertheless, one can still define categories enriched in a lax monoidal category, and
one recovers the algebras of A as the categories enriched in the associated tensor
product. This is just the beginning. For in the case of /Ehe 3-operad for Gray
categories, the induced tensor product is on the category G<a, whereas the Gray
tensor product lives on 2-Cat. In the sequel [3] to this paper, we shall explain
how to lift the tensor products constructed here to the category of algebras of an
appropriate operad, and in this way, recover the Gray tensor product and many
other examples including that of Crans [6].

This paper is organised as follows. In section(2) we recall the definition of
a lax monoidal category and of categories enriched therein. Multitensors, that is
lax monoidal structures, generalise non-symmetric operads, and sections(3) and
(4) explain how basic operad theory generalises to multitensors. In section(3) we
see how under certain conditions, one may regard multitensors as monoids for a
certain monoidal structure, which generalises the substitution tensor product of
collections familiar from the theory of operads. Proposition(3.3) is in fact a special
case of proposition(2.1) of [7]. Nevertheless we give a self-contained account of
proposition(3.3) and related notions, to keep the exposition relatively self-contained
and as elementary as possible for our purposes. In section(4) we explain how one
can induce a monad from a multitensor. The theory of T-multitensors, which
is the multitensorial analogue of the theory of T-operads for a cartesian monad T
described in [12], is given in section(5). If T preserves coproducts, then it distributes
over the monoid monad which we denote as M, and we obtain an equivalence
between 7 -multitensors and M7 -operads.

From this point in the paper we begin working directly with the case T'= T,
the strict w-category monad on the category G of globular sets. In section(6) we
give a self-contained inductive description of the monad 7" and develop further some
of its properties. The inductive description of 7 given here is closely related to the
wreath product of Clemens Berger [4]. In section(7) we give the correspondence
between normalised 7-operads and 7-multitensors, as well as the identification
between the algebras of a given normalised operad and categories enriched in the
associated multitensor. In the final section we explain how our results may be
adapted to normalised n-operads, that is to finite dimensions, and then explain
how the algebras of 7, which we defined as a combinatorial object, really are
strict w-categories. This last fact is of course well-known, but the simplicity and
canonicity of our proof is a pleasant illustration of the theory developed in this

paper.

2. Lax Monoidal Categories

In this section we recall the notion of laz monoidal category, which is a gen-
eralisation of the well-known concept of monoidal category. As with monoidal
categories, one can consider categories enriched in a lax monoidal category. Any
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monad 7T on a finitely complete category V defines a canonical lax monoidal struc-
ture T on V, and for this structure enriched categories correspond to categories
enriched in T-Alg regarded as monoidal via cartesian product.

Given a 2-monad 7T on a 2-category K one may consider laz algebras for T.
A lax T-algebra structure on an object A € K is a triple (a,u,o) consisting of an
action a : TA— A together with 2-cells

A$>TA T2A£>TA
\\:u>/ Tal é \La
1a a

A TA?A

satisfying some well-known axioms. See [11] for a complete description of these
axioms, and of the 2-category Lax-T-Alg. When T is the identity, lax algebras are
just monads in . The example most important for us however is when T is the
monoid monad M on CAT.

DEFINITION 2.1. A multitensor on a category V is a lax M-algebra structure
(E,u,0) on V. A category V equipped with a multitensor structure is called a
lax monoidal category. When w is the identity the multitensor and lax monoidal
structure are said to be normal.

We shall now unpack this definition. Since MV = [] V™ a functor
n>0

E: MVY-Y

amounts to functors F,, : V*"—Y for n € N.

Before proceeding further we digress a little on notation. For functors of many
variables we shall use some space saving notation: we deem that the following
expressions

E7L(X17"'7Xn) 1<]13<nXi I;EXZ

[}

are synonymous, and we will frequently use the latter, often leaving the “n” un-
mentioned when no confusion would result. In particular for X€V and 1<i<n, EX
K3

denotes E, (X, ..., X). We identify the number n with the ordered set {1,...,n} and
we refer to elements of the ordinal sum ne := nq+...4ny as pairs (4, j) where 1<i<k

and 1<j<n;. Following these conventions EE X;; and E X;; are synonymous with
i 7 iJ

Ek(Enl (Xlla "'7X1n1)7 "'7Enk (Xk17 7ank))

and

B (X11, o Xtngs covvees Xits ooy Ximy )

respectively. We will use multiply indexed expressions (like E ]%]?Xijkl) to more
ij

efficiently convey expressions that have multiple layers of brackets and applications
of E’s.
The remaining data for a multitensor on }V amounts to maps

UXZX—>E1X UXij }?];X”—)EX”
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that are natural in the arguments and satisfy

uE cE Eu
Wz vlo= ) N
E X; EE X o B Xy EX;
i i jk o ijk i

Thus a multitensor is very much like a functor-operad in the sense of [13], except
that there are no symmetric group actions with respect to which the substitutions
are equivariant?. An equivalent formulation of definition(2.1), in the language of [2],
is that a multitensor on V is a non-symmetric operad internal to the endomorphism
operad of V.

ExXAMPLE 2.2. A normal multitensor on V such that o is invertible is just a
monoidal structure on V, with FE,, playing the role of the n-fold tensor product. In
the case where V is finitely complete and FE,, is n-fold cartesian product and for the

[{P))

sake of the next example, we denote the isomorphism “o” as
L HHXZJ — HXU
i ij

EXAMPLE 2.3. Let T be a monad on a finitely complete category V. Denote
by

the canonical maps which measure the extent to which T preserves products. One
defines a multitensor (T, u, o) as follows:

T (Xq,... X)) = ] T(Xy)

1<i<n
u is the unit nx : X—TX of the monad, and o is defined as the composite

[1kT
Q J (] 1]

For the remainder of this section let (V, E) be a lax monoidal category.

DEFINITION 2.4. An E-category (X, k), or in other words a category enriched
in (V, E), consists of
e a set X of objects.
o for all pairs (g, 1) of elements of Xy, an object X (zo,x1) of V. These
objects are called the homs of X.
e for all n € N and (n+1)-tuples (o, ..., 2, ) of elements of Xy, maps

E X(zi—1,2;) — X(x0,2n)

Kz, :
1<i<n

i

called the compositions of X.

2More precisely, functor-operads in the sense of [13] are normal lax algebras for the symmetric
monoidal category 2-monad on CAT.
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satisfying unit and associative laws, which say that

X (z0,21) —= E1 X (20, 21) };:E)X(J/’(ij)qﬂz‘j) 9. FX(x(ij)fh Ti;)
X(zo0,21)

];)X(f(il)—lafini) — X(xo, Tmn,,)

commute, where 1<i<m, 1<j<n; and T(11)—1=%0- Since a choice of ¢ and j ref-
erences an element of the ordinal ne, the predecessor (ij)—1 of the pair (ij) is
well-defined when i and j are not both 1. An E-monoid is an E-category with one
object.

DEFINITION 2.5. Let (X,x) and (Y,A) be E-categories. An E-functor f :
(X, k)—(Y, \) consists of a function fy : Xo—Yp, and for all pairs (z¢, z1) from Xj,
arrows
feowr = X(20,21) — Y (fxo, f21)
satisfying a functoriality axiom, which says that

Ef
I?X(Cﬂz‘—h ) Lo I?Y(fﬂ%—l, fxi)

l lx
X(l‘o,l‘n) 4]”) Y(fCC(), fzn)

commutes. We denote by F-Cat the category of E-categories and E-functors, and
by Mon(E) the full subcategory of E-Cat consisting of the E-monoids.

EXAMPLE 2.6. A non-symmetric operad
(A, :neN) u:IT— A 0: 4,4, ®..0A,, — A,
in a braided monoidal category V defines a multitensor F on V via the formula

E X;=4,3X1%..0X,

1<i<n

with 4 and ¢ providing the structure maps in the obvious way. The category
Mon(E) of E-monoids is the usual category of algebras of A, and thus E-categories
are a natural notion of “many object algebra” for an operad A.

Our notation for multitensors makes evident the analogy with monads and algebras:
a multitensor E is analogous to a monad and an E-category is the analogue of an
algebra for F. In particular observe that the following basic facts are instances of
the axioms for the lax monoidal category (V, E') and categories enriched therein.

LEMMA 2.7. (1) (Eq,u,0) is a monad on V.
(2) The monad Ey acts on E,, for allm € N, that is

g E1 EXl — EXz
7 7
s an E7-algebra structure on E X;.

(3) With respect to the Ei-algebra structures of (2) all of the components of
o are E7-algebra morphisms.
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(4) FEach hom of an E-category (X, k) is an E1-algebra, with the algebra struc-
ture on X (xg,x1) given by

Kk E1X (x0,21) — X(x0,21).

(5) With respect to the Ei-algebras of (2) and (4), all the components of k
are morphisms of E1-algebras.

PRrROPOSITION 2.8. Let T be a monad on a finitely complete category V. Re-
garding T-Alg as a monoidal category via cartesian product one has

T*-Cat = (T-Alg)-Cat
commuting with the forgetful functors into Set.
PROOF. Let X be a set and for a,b € X let X(a,b) € V. Suppose that
Kz, HTX($¢—1, x;)—X (xo, Tn)
for each n € N and xg,...,x, in X, are the structure maps for a T*-category
structure. Then by lemma(2.7) the kqp : TX(a,b)—X(a,b) are algebra structures

for the homs, and for z;; € Xo with 1<i<k and 1<j<n; one has the inner regions
of

Tnn
PG, PTITX ) T )
k %
[InT )
HTX(xiflvffi);HT X(zi—1, ;) Mu "
1 1 7

T
[Ix \HTK [[TX (@i, %)

X(xo,xn)

HX(%'—thi) HTX(SCi—l,fEi)

IIn
commutative, and the commutative outer region is the associativity axiom for the
composites

/ HU Ka,
K, HX(xi—l?mi) s Hz TX(Z‘,‘,l,.Ti) - X(.T(),.’L‘n)

for each xg,...,x, € Xy. Taking the product structure on T-Alg as normal, the
unit axiom for the &’ is clearly satisfied, and so they are the structure maps for a
(T-Alg)-category structure. Conversely given algebra structures x,_; and structure
maps «7, one can define ., as the composite

H’ij_l,xi K
IZITX(CUi—l,l‘i) : ];[X(xi—laxi) —s X(z0, 2n)
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and since the regions of

[Tw
[ITIITX (x@g)-1,i5) k[T X (25)-1,205) 7 TTTX(2@5)-1,i5)
i j ij ij

HTHmi \LHT& Hr@
i Fi ij ij
Hn
HTHX(x(ij)_l,-rij) _k HTQ(x(ij)fl,mij) v HX(I(ij)—lvxij)
) J ] )

I~
mﬂ/l / ,

[[TX (w1, 2:) [[X(zi-1,2:) ————— X(z0, )

commute, the commutativity of the outside of this diagram shows that the k.,
satisfy the associativity condition of a T*-category structure, and the unit axiom
follows from the unit T-algebra axiom on the homs. The correspondence just de-
scribed is clearly a bijection, and completes the description of the isomorphism on
objects over Set.

Let fo: Xo—Yp be a function,

Ko, [T TX (21, 20) =X (o, 2n) Ay, TTTY (Yim1, %) =Y (Y0, Yn)

be the structure maps for T*-categories X and Y, KZ;I_ and )\; be the associated
(T-Alg)-category structures, and

fap: X(a,b) = Y(fa, fb)
for a,b € Xy be maps in V. In the following display the diagram on the left

s 17y
[MX(@i—nz) L TTY (i-1,9:) [MTX (i1, @) L [TTY (yi-1,9i)
7 7 7 K3
e
s I/
[MTX(ziv,2:) = TITY (yi1,41) [T X(wion,) TTY (i1, i)
| 3 . l”
X (w0, #n) —— Y(y0,yn) X (0, 2n) ———> Y (y0,Yn)
%0,Tn z0,Tn

explains how the T*-functor axiom for the f,; implies the (T-Alg)-functor axiom,
and the diagram on the right shows the converse. O

3. Distributive multitensors as monoids

It is well-known that monads on a category V are monoids in the strict monoidal
category End(V) of endofunctors of ¥V whose tensor product is given by composition.
Given the analogy between monads and multitensors, one is led to ask under what
circumstances are multitensors monoids in a certain monoidal category. One natural
answer to this question, that we shall present now, requires that we restrict attention
to distributive multitensors to be defined below. Throughout this section V is
assumed to have coproducts.
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DEFINITION 3.1. A functor E : MV—V is distributive when for allm € N, E,,
preserves coproducts in each variable. We denote by Dist(V) the category whose
objects are such functors MV—V, and whose morphisms are natural transforma-
tions between them. A multitensor (E,u, o) (resp. lax monoidal category (V, E))
is said to be distributive when F is distributive.

EXAMPLES 3.2. In the case where (V,®,1) is a genuine monoidal category, V
is distributive in the above sense iff (X®—) and (—®X) preserve coproducts for
each X € V. If in addition ® is just cartesian product and T is a monad on V
whose functor part preserves coproducts, then the multitensor T of example(2.3)
is also distributive.

When F is distributive we have
L X = IT - I B,
jeJ;i J1€J1 In€Jdn

for any doubly indexed family X;; of objects of V. To characterise distributivity
via this formula we must be more precise and say that a certain canonical map
between these objects is an isomorphism. It is however more convenient to express
all this in terms of coproduct cocones. To state such an equation we must have for
each 1<i<n a family of maps

(Cij ZXij — Xio _] S Jl)

which forms a coproduct cocone in V. Given a choice for each i of j € J;, one
obtains a map

Ecij : EXi; — E X,
1 (2 3
and distributivity says that all such maps together form a coproduct cocone. The

morphisms that comprise this cocone are indexed by elements of [ J; in agreement

with the right hand side of the above formula. For what will zsoon follow it is
worth recalling that the (obviously true) statement “a coproduct of coproducts is a
coproduct” can be described in a similar way. That is, given c;; as above together
with another coproduct cocone

(¢i: Xie — Xeoo : 1<i<n),

for each choice of 7 and j one obtains a composite arrow

X'4>X ;X..’

and the collection of all such composites is a coproduct cocone.
Define the unit I of Dist(V) by I1=1y and for n#1, I,, is constant at . The
tensor product EoF of E and F in Dist()) is defined as:

E-F),=]] I EF.
k>0ni+...+ng=n

and so for all £ and n; € N where 1<i<k we have maps

E F EoF

4>
ij
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which we shall also denote by ¢(y, ... n,) as convenience dictates. For all n € N the
set of all such maps such that ne=n form a coproduct cocone. In the case where
E=I one has IF =( when k+#1, and so

ij

C(n) :Fn—> (IOF)n

is invertible, the inverse of which we denote by A. In the case where F’=I one has
EI=( when not all the n;’s are 1, and so
ij

ca,..): En— (Eol),

is invertible, the inverse of which we denote by p. Given E, F and G in Dist(V),
one has for all r € N, m; € N such that 1<i<r, and n;; € N for all ¢ and 1<j<m;,
a composite
EFG 9% G
i i
ijk (EEF)(;E ((EoF)oG)p,,
and for all n € N, the set of all such composites obtained from such choices with
nee=n forms a coproduct cocone (the coproduct of coproducts is a coproduct). For
a given choice of 7, m; and n;; as above one can also form a composite
EFG "5 G
i i
ijk i(FngG) (Eo(FoG))n..
and for all n € N, the set of all such composites obtained from such choices with
nee=n forms a coproduct cocone because E is distributive. Thus for each n, E, F
and G one has a unique isomorphism «, such that for all choices of r, m; and n;;
with nee=n, the diagram
G
k

(1) EFG 25 (EoF) G " ((BoF)oG),

commutes.

PROPOSITION 3.3. The data (I,0,a, X, p) just described is a monoidal structure
for Dist(V). The category Mon(Dist(V)) is isomorphic to the category of distributive
multitensors and morphisms thereof.

PRrROOF. The case of (1) for which m;=1 amounts to the commutativity of the
outside of

(EoD) F i ((Eol)oF),

PE 7
/ = p toF
c b
EF o . EoF o
k ik
~
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and the inner commutativities indicated here are obtained from the definition of
the arrow map of “o”. But the

c:EF — EoF

ik ik ik
for all choices with nee=n form a coproduct cocone, and so the triangle in the above
diagram, which is the unit coherence for Dist(V), must commute also. For E, F,
G and H in Dist(V) we will now see that the corresponding associativity pentagon
commutes. For each n and choice of r, p; for all 1<i<r, m;; for all i and 1<j<p;,
and nj for all ¢, j and 1<k<m;;, such that neee=n, we get a diagram of the form:

where the inner-most pentagon what we are trying to prove the commutativity of.
The outer pentagon has all vertices equal to EF (k} I:I The composites of the dotted
ij

paths of length 3, when taken over all choices, form coproduct cocones of each of
the vertices of the inner pentagon. For instance for the top left vertex we have
BEGH. <Gt (BeF) G oA (BRI 2> (BoF)oG)oH).

ijk ijk

and the two indicated paths involving the left most vertex are

and
c cGoH c
EFGH EF >EF(G&H) rrrrrrrrrrrr > (EO,F)(G]?ZH) > (((EoF)oGQ)oH)y,

ij k1 i g iJ
and in a similar vein the reader will easily supply the details of the other dotted
paths. The labels of the regions of the diagram indicate why the corresponding
region commutes: “a” means the region commutes by the definition of a, “n”
indicates commutativity because of naturality, “o” indicates commutativity because
of the definition of the arrow map of o, and “t” indicates that the region commutes
trivially. The outer pentagon of course also commutes trivially. Since all this is true

for all choices of the r, p;, m;; and n;j, we obtain the commutativity of the inner
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pentagon since the top left dotted composites together exhibit (((EoF)oG)oH),, as
a coproduct. The statement about Mon(Dist())) follows immediately by unpacking
the definitions involved. O

4. Monads from multitensors

Multitensors generalise non-symmetric operads by example(2.6). Given certain
hypotheses on the ambient braided monoidal category V, a non-symmetric operad
therein gives rise to a monad on V whose algebras are those of the original operad.
Thus one is led to ask whether one can define a monad from a multitensor in
a similar way. Such a construction is described in the present section, and we
continue to assume throughout this section that V has coproducts.

Define the functor T': Dist(V) — End(V) as

I'(E)(X) = E X

1<i<n
n>0

and so for each X in V we get

Cn t IS]?SnX — T(E)(X)
for n € N forming a coproduct cocone. By the definition of I the map ¢; :
X—I(I)(X) is an isomorphism, and we define that the inverses of these maps
are the components of an isomorphism 7y : 1,—=T'(I). For X in V and m and n; in
N where 1<i<m, we can consider composites

Ec
J

EFX_ ¢
ij

ETFX . P(B)T(F)X

and since E is distributive all such composites exhibit I'(F)T'(F)X as a coproduct.
For X, m and n; as above one also has composites

EFX i (EZ_ojF)X e T(BoF)X

and all such composites exhibit I'(EoF')X as a coproduct. Thus there is a unique
isomorphism v, making

EL(F)X o 1(B)D(F)X

&
Be [(EoF)X
EF X Eor)x—
i j c ij

ij
commute, and s is clearly natural in X.

PROPOSITION 4.1. The data (v9,v2) make T into a monoidal functor, and so
it sends distributive multitensors to monads. For any distributive multitensor E,
one has an isomorphism Mon(FE) = T'E-Alg commuting with the forgetful functors
into V.
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PrOOF. The definition of 7, in the case where E=I and the m=1 says that
the outside of

YoI'F

T(F)X D(DT(F)X
%
§ T I'(IoF)X
FX X —

— - (IoF)

commutes for all m € N, and the region labelled with “=” commutes because of
the definition of the arrow maps of o. Thus the inner triangle, which is the left unit
monoidal functor coherence axiom, commutes also. The definition of 5 in the case
where F’=I and the n;’s are all 1 says that the outside of

commutes for all m € N, and the regions labelled with “=" commute because of the
definition of the arrow maps of o. Thus the inner triangle, which is the right unit
monoidal functor coherence axiom, commutes also. So it remains to verify that for
E, F and G in Dist(V), that

['(Eo(Fo@))
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commutes. Now given X in V and r, m; and n;; in N where 1<i<r and 1<j<m;,,
one obtains a diagram of the form

id
[ ) [ )
A t 2
id ., id b
t/ RN ! vonoy
. L V2 o< @ id
id n oy B ;
@ s > @ >SS JTTOTIRS >0 —> 0
AR
° > @ > @ > @ ® < @ < ° < .
AT
2 °
id A o
t
id : id
[ )
A
[ )

where the inner-most pentagon is (2) instantiated at X, and all the outer vertices
are EF(k}X. The two 3-fold paths into T'(E)T'(F)I'(G)(X) are the top-leftmost
ik

path

and these are equal because of naturality. The composites so formed by taking all
choices of r, m; and n;; exhibit I'(E)I'(F)['(G)(X) as a coproduct because E and
F are distributive. The left-most dotted path into I'(EoF)I'(G)(X) is

I?Fg b &

EFGX o §§F(G)X S (EoR)I(G)X s D(BoF)D(G)(X) |

- ¥

the other path into T'(EoF)T'(G)(X) is

9 C C
];]];“% X v EinF GX .Y F e (E%F)F(G)X s T(BEoF)I(G)(X) ,
and similarly the reader will easily supply the definitions of the other dotted paths
in the above diagram. The labelled regions of that diagram commute for the reasons
indicated by the labels as with the proof of proposition(3.3), the region labelled by
“I"” commutes by the definition of the arrow map of I', and the region labelled
by “I'E” commutes by the definition of the arrow map of I'E. The outer diagram
commutes trivially and since this is all true for all choices of the r, m; and n;,
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the inner pentagon commutes as required. The statement about Mon(FE) follows
immediately by unpacking the definitions involved. ([

EXAMPLE 4.2. One can apply proposition(4.1) to the case of example(2.6) when
(V,®, ) is a distributive braided monoidal category, because then the multitensor
on V determined by a non-symmetric operad will also be distributive. In this
way one obtains the usual construction of the monad induced by a non-symmetric
operad.

EXAMPLE 4.3. Applying proposition(4.1) to the case of a distributive monoidal
category (V, ®, I) as in example(3.2), one recovers the usual monoid monad M:=I'(®).
In the case where ® is cartesian product and T preserves coproducts, in view
of T'(T*)=MT one obtains a monad structure on MT, and thus a monad dis-
tributive law A : TM—MT, and the algebras of M1 are monoids in T-Alg by
proposition(2.8). In terms of I" and T* one can describe A explicitly. The substi-
tution for T, described in example(2.3), is a map p* : T*oT*—T* in Dist()),
and A is the composite

nTMn rp*
TM — MTMT —— MT
in End(V).

5. Multitensors as operads

Given a cartesian monad T on a finitely complete category V one has the well-
known notion of T-operad as described for example in [12]. There is an analogous
notion of T-multitensor and we shall describe this in the present section. Under
certain conditions the given monad T distributes with the monoid monad M on
VY and the composite monad MT is again cartesian, in which case one has an
equivalence of categories between T-multitensors and MT-operads. The theory
described in this section requires that T is a little more than cartesian, namely that
it is a local right adjoint monad, and that V is lextensive. Both notions will be
recalled here for the readers’ convenience.

We recall some aspects of the theory of local right adjoints from [15]. In
loc.sit such functors were called “parametric right adjoints” (p.r.a’s), but local
right adjoint is a better name — the prefix “local” is commonly used to denote
notions that apply only on the slices of the categories involved as is the case here.
A functor T : A—B is a local right adjoint (l.r.a) when for all A € A, the induced
functors

Ta:A/JA— B/TA
given by applying T to arrows are right adjoints, and when .4 has a terminal object
1, this is equivalent to asking that 73 is a right adjoint. Right adjoints are clearly
l.r.a and l.r.a functors are closed under composition. Moreover one has the following
simple observation which we shall use often in this work.

LEMMA 5.1. Let I be a set and F; : A;—B; for i € I be a family of Lr.a
functors. Then
[1F:
A = 118

% [

is l.r.a.
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PrOOF. Given X; € A; for i € I, we have (][] Fi)(x,)=[I((Fi)x,), which as a

3

product of right adjoints is a right adjoint. O

There is a more explicit characterisation of L.r.a functors which is sometimes useful.
A map f: B—TA is T-generic when for any «, (3, and v making the outside of

B—2>TX

7
fl T8 \LTV

commute, there is a unique § for which y0d = 8 and T'(§) o f = «. The alternative
characterisation says that T is l.r.a iff every map f : B—T A factors as

B—Ys1c -t

where g is generic, and such generic factorisations are unique up to isomorphism if
they exist (see [15] for more details). One defines a monad (7,7, 1) on a category
V to be L.r.a when T is l.r.a as a functor, and n and p are cartesian transformations.
One has the following corresponding definition for multitensors.

DEFINITION 5.2. A multitensor (F,u,0) onV is L.r.a when E : MV—V islr.a
and v and o are cartesian transformations.

It is straight-forward to observe that F is l.r.a iff E,, : V"*—V is L.r.a for each n € N.

EXAMPLE 5.3. Let (T,n, 1) be a L.r.a monad on V a category with finite prod-
ucts. First note that T, is the composite
n
yr——yn ——y
and so is l.r.a. by lemma(5.1) and the composability of l.r.a’s. From [15] lemma(2.14)
the canonical maps

which measure the extent to which T preserves products are cartesian natural in
the X;. Thus T is a l.r.a multitensor.

For a l.r.a monad (7,7, 1) on a category V recall that a T-operad is cartesian monad
morphism « : A—T. That is, A is a monad on V, « is a natural transformation
A—T which is compatible with the monad structures, and the naturality squares
of a are pullbacks. The cartesianness of o and l.r.a’ness of T' implies that A is itself
a l.r.a monad. For instance when T=7 the monad on the category G of globular
sets whose algebras are strict w-categories, to be recalled in detail in section(6),
T-operads are the w-operads [1]. By analogy one has the following definition for
multitensors.

DEFINITION 5.4. Let (T,7n,u) be a l.r.a monad on V a category with finite
products. A T-multitensor is a cartesian multitensor morphism ¢ : E—T*.
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ExaMPLE 5.5. We will now unpack this notion in the case where ¥V = Set and
T is the identity monad. Because of the pullback squares

EX, X [ITX;
?tX'iJ/ iHTtXi
E,1 —— (T1)"
€1

the data for ¢ amounts to a sequence of objects E,, := E,1 € V for n € N, together

with maps €, ; : £,—T1'1 for 1<¢<n. In this case T'1=1 so € amounts to a sequence

(En :n € N) of sets. In terms of this data one has

1<i<n
The unit of the multitensor amounts to an element @ : 1—FE;, and the substitution
o amounts to functions

Onyyong - B X Epy X . X By — B,

for each finite sequence (n1, ..., ng) of natural numbers. The multitensor axioms for
(E,u,0) correspond to axioms that make (F,%,7) a non-symmetric operad in Set.

We assume throughout this section that V is lextensive. Let us now recall this
notion. A category V is lextensive® [5] when it has finite limits, coproducts and for
each family of objects (X; : ¢ € I) of V the functor

v —vy(1 %)

which sends a family of maps (h; : Z;—X;) to their coproduct is an equivalence.
This last property is equivalent to saying that V has a strict initial object and that
coproducts in V are disjoint and stable. There are many examples of lextensive
categories: for instance every Grothendieck topos is lextensive, as is CAT. Moreover
if T is a coproduct preserving monad on a lextensive category V then T-Alg is also
lextensive: for such a T the forgetful functor T-Alg—) creates finite limits and
coproducts, and so these exist in T-Alg and interact as nicely as they did in V.
Thus in particular the category of algebras of any higher operad is lextensive. Note
in particular that lextensivity implies distributivity (see [5]) and so the results
of the previous two sections apply in this one. The next result summarises how
lextensivity interacts well with L.r.a'ness.

LEMMA 5.6. Let A and B be lextensive and I be a set.
(1) The functor || : A'—A, which takes an I-indexed family of objects of A
to its coproduct, is l.r.a.
(2) If F; : A—B fori e I are l.r.a functors, then [[ F; : A—B is L.r.a.

1
(3) If F; : A—B fori € I are functors and ¢; : F;—G; are cartesian trans-
formations, then [[ ¢; : || F;— ] Gi is cartesian.
i i i

3Usually lextensivity is defined using only finite coproducts whereas we work with small ones.
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PROOF. (1): given a family (X; :i€l) of objects of A, the functor (J])(x,) is
just the functor
% - 4/(11 %)
iel i€l
which is an equivalence, and thus a right adjoint.
(2): 11 F; is the composite

e
AL gt g g

of a right adjoint (since A has coproducts) followed by a lr.a (by lemma(5.1)
followed by another l.r.a (by (1), and so is Lr.a.
(3): the naturality square for [ ¢; corresponding to f : X—Y in A is the coproduct

of the cartesian naturality squares

FX 2% G.x

Fifl lef

bi,y

and so by (1) is itself a pullback. O

Denote by LraDist(V) and LraEnd(V) the subcategories of Dist(V) and End(V)
respectively, whose objects are l.r.a’s and arrows are cartesian transformations.

PROPOSITION 5.7. Let V be lextensive. The monoidal structure of Dist(V)
restricts to LraDist(V), and T restricts to a strong monoidal functor

LraDist(V)—LraEnd(V)
(which we shall also denote by T').

PrOOF. Any functor 1—.A out of the terminal category is l.r.a, and thus one
readily verifies that the functors V*—V constant at the initial object 0 of V are
l.r.a also. Since 1y is L.r.a the unit of Dist(V) is l.r.a. For L.r.a E and F € Dist(V)
we must verify that EoF is l.r.a. By the formula

(EOF)n: H Ek(Fnla“ank)

ni+...+ng=n

and lemma(5.6) it suffices to show that each summand is l.r.a. But Ey(F,,, ..., Fn,)
is the composite

which is L.r.a by lemma(5.1). Given ¢ : E—FE’ and ¢ : F—F’ in LraDist()) we
must show that co¢ is cartesian. By lemma(5.6) it suffices to show that

(¢TI 7~~-7¢n )
Ey(Fp, ooy Fyy) =20 By (FY L FL)

ny?
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is cartesian. But this natural transformation is the composite

[P,
i

TN
IZIV ’ U’lj[ Pn; Yk usk v
-7 V

e, E,
:

and so as a horizontal composite of cartesian transformations between pullback
preserving functors, is indeed cartesian. Thus the monoidal structure of Dist(V)
restricts to LraDist()), and to finish the proof we must verify that I' preserves l.r.a
objects and cartesian transformations. Let E € Dist()) be l.r.a. By lemma(5.6),
to establish that T'(F) is l.r.a it suffices to show that for all n € N, the functor
X — E,(X,...,X) is L.r.a, but this is just the composite
YLy Ty

which is Lr.a since E,, is. Let ¢ : E—F in Dist()) be cartesian and let us see that
I'(¢) is cartesian. By lemma(5.6) this comes down to the cartesian naturality in X
of the maps

nx... x: FEn(X, .., X) — F (X, ..., X)

which is an instance of the cartesianness of ¢,,. ([

EXAMPLE 5.8. From examples(5.3) and example(3.2) T is a l.r.a distributive
multitensor when 7' is a coproduct preserving l.r.a monad on a lextensive category
V. By proposition(5.7), the monad MT described in example(4.3) is l.r.a and the
distributive law A : TM—MT is cartesian.

Modulo one last digression we are now ready to exhibit the equivalence between
T-multitensors and MT-operads as promised at the beginning of this section. Recall
that if W is a monoidal category and (M, ¢, m) a monoid therein, that the slice W/M
gets a canonical monoidal structure. The unit is the unit i : I—M of the monoid,
the tensor product of arrows o : A—M and 3 : B—M is the composite

AoB 22 MoM — 0

and the coherences are inherited from W so that the forgetful functor W/M—W
is strict monoidal. To give & : A—M a monoid structure in W/M is the same as
giving A a monoid structure for which a becomes a monoid homomorphism, and
this is just the object part of an isomorphism Mon(W/M)=Mon(W)/M commuting
with the forgetful functors into YW. Moreover given a monoidal functor F' : W—W',
FM is canonically a monoid and one has a commutative square

W/M e W M
W———>W

of monoidal functors.
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Applying these observations to I' : LraDist(V)—LraEnd(V) one obtains for
each lLr.a distributive multitensor F/, a monoidal functor

I'p : LraDist(V)/E — LraEnd(V)/TE.

An object of LraDist(V)/E amounts to a functor A : MV—V together with a
cartesian transformation o : A—FE. Given such data the distributivity of A is
a consequence of the cartesianness of «, the distributivity of £ and the stability
of V’s coproducts. The l.r.a’ness of A is also a consequence, because the domain
of any cartesian transformation into a l.r.a functor is again l.r.a. A morphism in
LraDist(V)/E from « to §: B—E is just a natural transformation ¢ : A—B such
that S¢p=a, because by the elementary properties of pullbacks ¢ is automatically
cartesian. Thus a monoid in LraDist(V)/FE is simply a cartesian multitensor mor-
phism into E. Similarly a monoid in LraEnd(V)/TE is just a cartesian monad
morphism into I'E, and so by observing its effect on monoids in the case E=T"
where T' is a coproduct preserving l.r.a monad on V, one has a functor

Ty : T-Mult — MT-Op
from the category of T-multitensors to the category of MT-operads.

THEOREM 5.9. Let V be lextensive and T a coproduct preserving l.r.a monad
on V. Then the functor 't just described is an equivalence of categories T-Mult ~
MT-Op.

PROOF. By the way we have set things up it suffices to show that for any l.r.a
distributive multitensor E on V, the functor I'g : LraDist(V)/E—LraEnd(V)/T'E
is essentially surjective on objects and fully faithful. Let a : A—T'(E) be a cartesian
transformation. Choosing pullbacks

>

\ X Al

_J
Exii Cn
9 X

i—= B,(1,..,1) —=TE(1)
i Etx, Cn

for each finite sequence (X; : 1<i<n) of objects of V, one obtains a cartesian
transformation @ : A—FE. The stability of V’s coproducts applied to the pullbacks

A,(,..,1) —==E,(1,...,1)

ok

Al ———>TE(1)

for each X € V and n € N ensures that I'g(@)=« thus verifying essential sur-

jectivity. Let a : A—F and 8 : B—FE be cartesian, and ¢ : TA—I'B such that

I'(8)¢p=Ta. To finish the proof we must show there is a unique ¢’ : A— B such that

p¢'=a and I'¢'=¢. The equation I'¢’=¢ implies in particular that [] ¢;, ;=¢1, and
n
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/

this determines the components ¢}, ;

_1 uniquely because of

Aqn,1,..., 1
/”‘,’—‘“\\
Al 1) = Bull 1) 5 By(L, )
l ] ¢n,1 ..... 1 l ] Bna,..., 1 L
¢1 Hﬁn

an

and these components determine ¢’ uniquely because of

ax;
AX/:;>>EX
7 N 4);(1 7 O 5Xi 7
Atxil ]?txil l]?txb

El P11 Bl Brn,1,...1 A.l
K2

and the equation B¢’'=a. To see that I'¢’=¢, that is [[ ¢, v  y=¢x forall X €V,

one deduces that the inner square in

bnn,... 1
An(1,..1) Bn(1,...,1)
‘A\n(tx,‘..,tx) Bu(tx - 7tx)
™~ Shox x
An(X, ., X) 2B (X LX)
TA(X) . I'B(X)
— . ™~
TA(tx) T'B(tx)
/
TA(1) J I'B(1)
1

is a pullback since the outer square and all other regions in this diagram are pull-
backs, and so the result follows by lextensivity. (Il

6. The strict w-category monad

The setting of the previous section involved a coproduct preserving l.r.a monad
T, and after this section we shall be concerned with the case where T' = 7 the strict
w-category monad on G the category of globular sets, and its finite dimensional
analogues the strict n-category monads. We give a precise and purely inductive
combinatorial description of 7 in section(6.2), using some further theory of l.r.a
monads on presheaf categories which we develop in section(6.1), to facilitate our
description of the details.
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6.1. Specifying l.r.a monads on presheaf categories. From [15] we know
that to specify a lL.r.a T : B—C one can begin with P € C and a functor Er :
el(P)—@. Here we will usually not distinguish notationally between p € PC and
Er(p,C). Given k : D—C in C we shall denote by pk the element Pk(p) and by
k : pk—p the map

Given this data one can then define an element of T X (C) to be a pair (p, h) where
p € PCandh:p—X in B. For a map k : D—C one defines T X (k)(p, h) = (pk, hk),
and one identifies P=T1. If the Ep(p,C) are all connected, then T preserves
coproducts.

With T so specified it is not hard to characterise generic morphisms. To give a
map f: A—TX is to give for a € AC an element p, € PC together with a map f, :
pe—X in I/B\é, and this data should be natural in C. The assignment (C,a) — p, is
the object map of a functor f : el(A)—@ and the f, are the components of a cocone
with vertex X. Factoring this cocone through its colimit Z gives a factorisation

A—2srz T rx

where the g, are the components of the universal cocone. One can easily verify
directly that such a g is generic, and since generic factorisations are unique up to
isomorphism, one obtains

LEMMA 6.1. For T : B—C specified as above, f : A—=TX is generic iff its
associated cocone exhibits X as a colimit.

EXAMPLES 6.2. (1) If in particular A is a representable C, then f :
A—TX amounts to a pair (p,h : p—X). The associated cocone consists
of the one map p and so f is generic in this case iff p is an isomorphism.

(2) In the case T'= 15, f : A—X is generic iff it is an isomorphism.

(3) Given T : C—C specified as above, a morphism f : C—T2X amounts
to a pair (p,h : p—TX). This morphism is T?-generic iff h is T-generic
because to give a commuting diagram as depicted on the left

[e3%

o Y p—2 sy
fl iTZ’Y hl lT’y
X — 127 TX —=TZ
T°p T2

is the same as giving a commuting diagram as depicted on the right in the
previous display, and so the assertion follows by definition of “generic”.

Suppose now that such a T : C—C comes with a cartesian transformation
1 : 1=T. The component 77 picks out elements uc € PC and for all X € C the
naturality of  with respect to the map X —1 shows that the components of n have
the explicit form

z € XCw (uc, 2’ :uc—X).
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Observing
UCC i) TUC(C) Ll > (’u,c7 luc)
x/l lT;c' I
XC?TX(C) $|—>('LLC,{E/)

we have a unique element of ¢ € ucC which is sent by 7 to 1,,. It is a general
fact [14] that components of cartesian transformations reflect generic morphisms,
and so by examples(6.2)(1) and (2) the morphism C'—u¢ corresponding to ¢ is an
isomorphism. One may assume that this isomorphism is an identity by redefining
the yoneda embedding if necessary to agree with C' — u¢ and similarly on arrows,
so we shall write C' = ue. Then the components of n may be written as

z— (Cix: C—X)

where the x on the right hand side corresponds to the x on the left hand side by
the yoneda lemma.

DEFINITION 6.3. Let T be a Lr.a endofunctor of C and 1 : 1—=T be a cartesian
transformation. A pair (P, E7) giving the explicit description of (T,7) as above is
called a specification of (T,n). That is to say, a specification consists of P € ((Aj,
Er : el(P)—C and an inclusion C<el(P) whose composite with Er is the yoneda
embedding.

By the discussion preceeding definition(6.3) every such (T,7) has a specification.
Let us denote the assignments of an arbitary natural transformation p : T2—T by

(pe PC, f:p—=TX)w— (q5 € PC,hy: qy—X).
Naturality of p in C says that for k : D—C, U = qrk and th = hsk. Naturality

of pin X says that for h : X—=Y, qru)s = qr and hpg,yy = hhy. Suppose that u
is cartesian. Observing

T2, =T, GF 1 = (a5, 1qy)
Tzhfl J(Thf I
v
X —>TX (p, [+ p=TX) —— (a5, hy)

one finds that Vp € PC and f : p—TX, 3lgs : p—Tq; such that f=T'(hy)gs and
hy, = id. By example(6.2)(3) and the fact that cartesian transformations reflect
generics, such gr’s are automatically generic. Conversely given such g¢’s one can
readily verify that the naturality squares of p corresponding to maps X—1 are
pullbacks and so verify that p is cartesian. We record these observations in

LEMMA 6.4. Let (T,n) be specified as in definition(6.3). To give a cartesian
natural transformation p : T?>—T is to give for each p € PC and f : p—TX, an
element gy € PC and a factorisation

Th
p—LsTq —ITx

satisfying
(1) Fork:D—C, 45 = ark and hyg = hik.
(2) For h : XHY, qrn)f = 4f and hT(h)f = hhf
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(3) For allp € PC and f : p—TX, gy is unique such that f=T(hs)g; and
hy, = id.
and given this data, the gy are automatically generic morphisms.

Thus a cartesian transformation p : T?—T amounts to a nice choice of certain
generic factorisations for T'. Given such a characterisation it is straight-forward to
unpack what the monad axioms for (7,7, i) say in terms of these factorisations.

LEMMA 6.5. Let (T,n) be specified as in definition(6.3). To give p : T>—T
making (T,n, 1) a l.r.a monad is to give factorisations as in lemma(6.4) which
satisfy the following further conditions:

(1) For allp € PC and f : p—X, ¢yy =p and hyy = f.

(2) For allp € PC and f : p—X, qu.5) = p and h, 5y = f where (p, f)
denotes the map C—TX corresponding to the element (p, f) € TX(C) by
the yoneda lemma.

(3) Forallp € PC and f :p—TX, qn; = quy and hp, = hyy.

To summarise, given a specification of a l.r.a T : @—>((Aj, one has for each C' € C and
f:C—=TX, pe PC and a generic factorisation

c—>1pLsTx

of f. The data of a L.r.a monad (T, 7, ) enables us to regard C' € PC' and gives us
for each p € PC and f : p—TX, a choice of g5 € PC and generic factorisation

gr Thf
p——Tq —=TX

of f, and these choices satisfy certain axioms.

In the case of the strict w-category monad below some further simplifications
are possible enabling one to dispense with need to verify the additional conditions
of lemma(6.5) when describing it. The reason as we shall see, is that this case
conforms to the following definition.

DEFINITION 6.6. A lr.a T : B—C specified by Er : el(P)—@ is tight when for
all pand g € PC and ¢ : p = ¢ in B, one has p = ¢ in PC' and ¢ = id.

Clearly tightness is a property of T, that is, is independent of the specification.

EXAMPLES 6.7. (1) Let T be the free monoid endofunctor of Set. Then
Er is a functor N—Set sending n € N to a set with n elements. There
are of course many non-trivial automorphisms of a finite set, and so T is
not tight.

(2) Let T be the free category endofunctor on Graph which we regard as
presheaves on 0 _ 1. Then PO = {0} and P1 = {[n] : n € N} and
the graph [n] has object set {i : 0<i<n} and a unique edge (i — 1)—1 for
each 1<i<n. With these details at hand one readily verifies that this T
is tight.

(3) The free symmetric multicategory endofunctor on the category of multi-
graphs as described in example(2.14) of [14] is not tight. In this case one
actually has distinct p and ¢ in PC' sent by E7 to isomorphic multigraphs.

LEMMA 6.8. If T : B—C is a tight l.r.a then for all A : B—C there exists at
most one cartesian transformation A—T.
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PROOF. Let a and 8 : A—T be cartesian transformations and a € AX(C).
For a given specification P one has p, and a generic factorisation

a ax

AX TX

k\ Tha

Tpa

C

and using the cartesian naturality square for « corresponding to h,, one has
gl + C—Ap,, unique such that agl, = g, and a = A(h,)g,,. Since cartesian trans-
formations reflect generics, this last equation is an A-generic factorisation of a, and
similarly one obtains another one: a = A(hg)g% by using 3 instead of a. Thus
there is a unique isomorphism 0 : p,—pg so that A(d)g,, = g5 and hod = hg. By
tightness § is an identity and so axa = Gxa. O

Thus given a tight l.r.a T : ((A:—>((A:, cartesian transformations 1 : 1—7 and u : T?—T
are unique if they exist, and when they do the monad axioms for (7,7, p) are
automatic. This gives the following refinement of lemma(6.5) in the tight case.

COROLLARY 6.9. Let (T,n) be specified as in definition(6.3) and let T be tight.
To give p : T?>—T making (T,n,u) a l.7.a monad is to give factorisations as in
lemma(6.4).

Moreover for a tight l.r.a monad T on ((A:, the multitensor T admits the same
simplifications.

LEMMA 6.10. Let (T,n,u) be a l.r.a monad on C such that T is tight. Then
for all E : MC—C, there exists at most one cartesian transformation € : E—T> .

ProOOF. To give such an ¢ is to give for each n € N a cartesian transformation
en @ En—T, and so it suffices by lemma(6.8), to show that T, : C"—C is tight
for all n € N. The functor Ex has object map ((p1,-+sPn), C) — (p1, ..., Pn). For

>~

q1, -, Gn € T1(C), to give an isomorphism ¢ : (p1,...,0n) = (g1, ..., Gn) in Cn, is to
give isomorphisms ¢; : p; = ¢; for 1<i<n, in which case the ¢; are identities by the
tightness of T'; and so T,° is also tight. ([

Thus for a tight monad 7 on @ being a T-operad is actually a property of a
monad on ((A:, and similarly for T-multitensors. We shall exploit this observation
notationally below, for instance, by denoting a T-operad « : A—T as we just have
as a monad morphism, or just by referring to the monad A, depending on what is
most convenient for the given situation.

6.2. Inductive description of the strict w-category monad. A goal of
this paper to clarify the inductive nature of the operadic approach to higher cate-
gory theory of [1]. The starting point of that approach is a precise description of
the monad (7,7, ) on the category G of globular sets whose algebras are strict
w-categories. Thus in this section we recall this monad, but describe it a little
differently to the way it has been described in the past. We shall give here a purely
inductive description of this fundamental object, and we shall use the results of the
previous section to expedite our account of the details. That the algebras for the
monad described in this section really are strict w-categories defined in the usual
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way by successive enrichments, is presented in section(8) as a pleasant application
of our general theory.
The category G has as objects natural numbers and for n < m maps

n m
T

and these satisfy o7=77 and To=c0c. Thus an object of the category G of globular
sets is a diagram
S s S S

Xo X1 Xo X3

t t t t

of sets and functions such that ss = st and ts = tt. The elements of X,, are called
n-cells, and for an (n + 1)-cell x, the n-cells sz and ¢tz are called the source and
target of x respectively. In fact for each k<n, we can define source and target
k-cells of z and we denote these by six and tix, only dropping the indexing when
there is little risk of confusion. Given a pair (a,b) of n-cells of X, one can define
the globular set X (a,b). A k-cell of X(a,b) is an (n + k)-cell  of X such that
sgr = a and txx = b. Sources and targets for X(a,b) are inherited from X. In
particular the globular sets X (a,b) where a and b are 0-cells are called the homs of
X. A morphism f : X—Z of globular sets induces maps X (a,b)—Z(foa, fob) on
the homs. Conversely, to give f it suffices to specify a function fy : Xo—Zy and
for all a,b € Xy, morphisms X (a,b)—Z(foa, fob) of globular sets.

A finite sequence (X4, ..., X,,) of globular sets may be regarded as a globular
set, whose set of O-cells is {i € N: 0 < i < n} and whose only non-empty homs are
given by (X1, ..., X,,)(i — 1,7) = X; for 1<i<n. This construction is the object map
of a functor G"—G.

We now begin our description of the endofunctor 7 in the spirit of section(6.1).
The role of P is played by the globular set Tr of trees. The set Trg contains one
element denoted as 0 and its associated globular set contains one 0-cell, also called
0, and nothing else. By induction an element of Tr,, 1 is a finite sequence (p1, ..., Px)
of elements of Tr,, and its associated globular set is just the sequence of globular
sets (p1, ..., pr) regarded as a globular set as in the previous paragraph. So far we
have defined the elements of Tr, for all n and the object map of Er : el(Tr)—>@.
We denote by o : 0—p the map which selects the object 0 € p, and by 7 : 0—p the
map which selects the maximum vertex of p (using < inherited from N).

The source and target maps s,t : Tr,+1—Tr, coincide and are denoted as 0.
For each n we must define this map and give maps ¢ : dp—p and 7 : Op—p which
satisfy the equations oo = 70 and 77 = o7 in

(4) Pp____0p____p

for all p € Try, 42, in order to complete the description of Tr and the functor Er,
and thus the definition of 7. The maps 9, ¢ and 7 are given by induction as
follows. For the initial step d is uniquely determined since Try is singleton and
o and 7 are as described in the previous paragraph. For the inductive step let
p = (p1,--,pr) € Trpys. Then dp = (9p1,...,0px) and the maps o, 7 : Ip—p are
the identities on O-cells, and the non-empty hom maps are given by o, 7 : Op;—p;
respectively for 1<i<k. The verification of 0o = 70 and 77 = o7 as in (4) is given
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by induction as follows. The initial step when n = 0 is clear since °p = 0, and
the 0O-cell maps of 0,7 : dp—p are both the identity. For the inductive step let
p € Tr,13, then all the maps in (4) are identities on 0-cells, and on the homs the
desired equations follow by induction.

By section(6.1) we have completed the description of a l.r.a 7 : G—G and we
will now see that it is tight. Once again we argue by induction on n. In the case
n = 0 the result follows because Try = {0} and the only automorphism of 0 € G
is the identity. For the inductive step let p,q € Tr,41 and suppose that one has
L:p=qin G. Since the only non-empty homs for p and ¢ are between consecutive
elements of their vertex sets, any f : p—q in G is order preserving in dimension
0. Thus the 0-cell map of ¢ is an order preserving bijection, and so must be the
identity. The hom maps of : must also be identities by induction. Since the globular
sets associated to p € Tr,, are also connected we have the following result.

PROPOSITION 6.11. T : G—G defined as follows is l.r.a, tight and coproduct
preserving:

e an n-cell of TX is a pair (p, f : p—X) where p € Tr,,.

o forn>1, s(p, f) = (Op, fo) and t(p, f) = (Op, 7).
o forh: X=Y, T(h)(p,f) = (p,hf).

We will now specify the cartesian unit 7 : 1—7, and from section(6.1) we know
that this amounts to factoring the yoneda embedding through E7. We already
have 0 € Trg, and by induction we define n + 1 = (n) € G. Notice that the set
of k-cells of n is {0,1} when k& < n and {0} when k = n. Moreover by an easy
inductive proof the reader may verify that the k-cell maps of ¢ : n—n + 1 and
7 :n—n + 1 are the identities for k£ < n, and pick out 0 and 1 respectively when
k =n. One has functions evy : @(m X)—X,, given by f +— f,(0) clearly natural in
X €G. By another easy induction one may verify that these functions are bijective,
and natural in n in the sense that sf,+1(0) = (f0),(0) and tf,4+1(0) = (f7),(0).
Henceforth we regard the identification of n as a globular set in this way as the
yoneda embedding, and the components of 7 are given by = € X, — x : n—X.

Before specifying the multiplication x : 72—7 some preliminary remarks are in
order. For 0-cells a and b of X, an n-cell of the hom 7 X (a, b) consists by definition,
of p = (p1,...,pr) € Trpi1 together with f : p—X such that fo = a and fr = b.
In other words one has a sequence (zo, ..., z) of O-cells of X such that g = a and
xp = b, together with maps f; : p;—X (2,1, ;) for 1<i<k. Another way to say all
this is that for a given sequence (xq, ..., xx) of O-cells of X such that zp = a and
xp = b, one has an inclusion

H T(X({L'i,h LCZ)) — TX(G, b)
1<i<k

Ce, :

i

in @, and the following result.

LEMMA 6.12. The maps c.,, for all sequences (xg,...,xy) of 0-cells of X such
that xog = a and x = b, form a coproduct cocone.

Let p = (p1y.eypk) € Trpy1. A map f : p—T7T X amounts to O-cells fi of X for
0<i<k, together with hom maps f; : p;—7 X (f(i — 1), fi) for 1<i<k. Since the p;
are connected, the f; amount to 0-cells (z;0, ..., Tim,) of X such that z;0 = f(i —1)
and x;n, = [fi, together with maps fi; : pi—7 (X (2(;;)—1,24)) for 1<i<k and
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1<j<m; where

(i, —1) when j > 0.
(,j)—1=4q (1—1,m;_1) when j =0 and ¢ > 0.
0 when i =5 = 0.

In other words for p = (p1,...,px) € Trpt1, to give f : p—T X is to give objects
zo and x;; of X together with maps fi; : pi—T7 (X(2(;j)—1,xi;)) for 1<i<k and
1<j<m;. We shall call z¢ and the x;; the 0-cells of f, and the f;; the hom map
components of f. Observe that for h : X—Y, the 0-cells of 7 (h)f are given by hxg
and hz;;, and the hom map components by hf;; where 1<i<k and 1<j<m,;.

Now we specify the multiplication u : 72—7 following lemma(6.4). For p € Tr,,
and f : p—7 X the factorisation of f that we must provide will be given by induction
on n. When n =0, p=0 and a map f : 0—TX picks out a 0-cell (0,z: 0—X) of
TX. Define gy =0, hy = = and gy : 0—70 to pick out (0,1p). For the inductive
step let p = (p1,...,pk) € Trpaq and f: p—7 X. Then define

where the f;; are the hom map components of f as defined in the previous para-
graph. Define hy to have 0-cell mapping given by O—z¢ and (i, j)—x;;, and hom
maps by hy, . Define gy to have underlying O-cells given by 0 and (3, j), and hom
map components by gy,.. By definition we have f = 7 (hy)g;.

PROPOSITION 6.13. (7,n, ) with T as specified in proposition(6.11), and 7
and i given by

z€X,— (nx:n—X) (p € Try, f:p—TX) — (qr, hy)
is a l.r.a monad.

PROOF. By corollary(6.9) it suffices to verify conditions (1)-(3) of lemma(6.4).
Condition(1) says that for p = (p1,...,px) € Trpy1 and f: p—=TX: g5 = g5 =
0qf, hyo = hyo and hyr = hy7. Let us write xg and x;; for the O-cells of f and f;;
for the hom map components where 1<i<k and 1<j<m,;. In the case n = 0, we
must have 0 = gy, = gy~ = 0gy since 0 is the only element of Trg. Clearly fo picks
out xg and fr picks out xyy,,, and so hy, : 0—X picks out z¢ and hy, : 0—X
picks out zy,, by the initial step of the description of the factorisations. By the
definition of the object map of hy, hyo and hy7 also pick out the O-cells z¢ and
Zgm, respectively, thus verifying the n = 0 case of condition(1). For the inductive
step let p = (p1,...,px) € Trpao and f : p—TX. First note that o,7 : Ip—p
are identities on O-cells and so f, fo and f7 have the same 0-cells which we are
denoting by ¢ and z;;. Moreover by the definition of hom map components, one
has (fo)i; = fijo and (f7);; = fi;7. Thus by induction

Q5o = (qf,;0  1<i<k, 1<j<my) = (9qy,; « 1<i<k,1<j<m;) = gy

and similarly ¢y, = Oqy. Since 0,7 : Ogf—qy are identities on 0-cells the equations
hfs = hyo and hyr = hyT are true on O-cells, and on homs these equations follow
by induction.

Condition(2) says that for p € Tr,,, f: p—7 X and h: X=Y, q7(n)y = qr and
hrnyy = hhy. When n = 0 these equations are immediate. For the inductive step
let p = (p1,...,px) € Trpq1, f:p—=7 X and h: X—Y. The objects of g7 () and ¢y
coincide by definition, and the homs do by induction. The object maps of hz )¢
and hhy coincide by definition and their homs maps coincide by induction.
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Condition(3) says that for p € Tr, and f : p—7X, g is unique such that
f="7(hs)gs and hy, =id. For n = 0 this is clear by inspection. For the inductive
step let p = (p1, ..., px) € Trpy1 and f : p—7 X. By inspection the 0-cell map of h,
is the identity, and by induction its hom maps are also identities. As for uniqueness,
the object map of gy is determined uniquely by k and m; € N for 1<i<k, and the
uniqueness of the hom maps follows by induction. ([

7. Normalised 7-operads and 7-multitensors

In this section we relate 7-operads to 7-multitensors and so express 7 -operad
algebras as enriched categories. Under a mild condition on an operad o : A—7, that
it be normalised in the sense to be defined shortly, one can construct a multitensor A
on G such that A-categories are A-algebras. Moreover A is in fact a 7-multitensor,

and the construction ( ) is part of an equivalence of categories between 7-Mult and
the full subcategory of 7-Op consisting of the normalised 7 -operads.

DEFINITION 7.1. An endofunctor A of G is normalised when for all X € @,
{AX}0=Xy. A monad (4,7, ) is normalised when A is normalised as an endo-
functor, a cartesian transformation « : A—7 is called a normalised collection when
A is normalised, and a 7-operad « : A—7 is normalised when A is normalised
as a monad or endofunctor. We shall denote by T-Colly the full subcategory of

LraEnd(G)/7T consisting of the normalised collections, and by 7-Op, the full sub-
category of 7-Op consisting of the normalised operads.

A 0-cell of 7X is a pair (p € Trg,x : p—X), but then p = 0 and by the yoneda
lemma we can regard x as an element of Xy. Thus 7 is normalised. The category
T-Colly inherits a strict monoidal structure from LraEnd(G)/7, and the category
of monoids therein is exactly 7-Op,. We shall allow a very convenient abuse of
notation and language: for normalised A write {AX }¢=X, rather than acknowl-
edging the bijection, and speak of X and AX as having the same 0-cells. This
abuse is justified because for any normalised A, one can obviously redefine A to A’
which is normalised in this strict sense, and the assignment A — A’ is part of an
equivalence of categories between normalised endofunctors and “strictly normalised
endofunctors”, regarded as full subcategories of End(G).

We begin by recalling and setting up some notation. Recall how a finite se-
quence (X1, ..., X) of globular sets may be regarded as a globular set: the set of
0-cells is

[k]O = {07 i) k},
(X1,..,Xg)(i —1,i) = X; and all the other homs are empty. Since we shall use
these sequences often thoughout this section it is necessary to be careful with the
use of round brackets with globular sets. For instance X and (X) are different, and
so for an endofunctor A of G, one cannot identify AX and A(X)!! Observe also
that the 0-cell map of a morphism

f : (Xh ,Xm) — (Yh ,Yn)

must be distance preserving, that is it sends consecutive elements to consecutive
elements, whenever all the X; are non-empty globular sets. We regard sequences
(z9, ..., xx) of O-cells of a globular set X as maps z : [k]p—X in G. Given any such
x we shall define

¥ X = (X(xi_l,xi) : ].SZS]{I),
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and a map T : £ X—X of globular sets. The maps T and x agree on 0-cells, and
T;—1,; = id for 1<i<k specifies the hom maps of Z.

Fundamental to this section is the description of the homs of 7X given in
lemma(6.12). We shall now refine this and see that an analogous lemma holds for
any normalised collection. For X a globular set and a and b € Xy, we shall now
understand the hom {7 X}(a,b). An n-cell of {7X}(a,b) is a pair (p, f) where
p € Trypqq and f : p—X, such that fo = a and fr = b. First we consider the case
X = (Xy,..., Xy) for globular sets X;. Writing p = (p1, ..., pm) where the p; € Tr,,,
notice that fy must be distance preserving. There will be no such f when a > b,
and in the case a < b an n-cell of {7 X}(a,b) consists of p; € Tr,, where a<i<b
together with f; : p;—X;. In particular note that when a = 0 and b = k, fy = id.
We record this in the following result.

LEMMA 7.2, Let X = (X1,...,Xk) in G. Then for 0<a,b<k we have

0 a>b

a<i<b
In particular T*X; = {TX}(0,k).

Now take X to be an arbitrary globular set. Writing « : [m]o—X for the sequence
of O-cells of X defined by fj, notice that f : p—X factors uniquely as
Pt x—Tsx

and so defines (p, f) € Tx*X,, which gets sent to (p, f) by 7Z. Notice that f’ is the
identity on 0O-cells, which is to say that (p, f') is an n-cell of {72*X}(0,m). There-
fore an n-cell ¢ of {7 X }(a,b) is determined uniquely by the following data: m € N,
x : [m]o—X such that 0 = a and xm = b, and an n-cell ¢’ of {T2*X}(0,m). One
recovers ¢ from this data by {TZ}o,m¢" = ¢. Notice also that if any of the homs
X(x(i — 1),z;) is empty, then since 7 preserves the initial object, one has that
{Tz*X}(0,m) is empty by lemma(7.2). Thus one can also specify an n-cell ¢ of
{T X}(a,b) uniquely by giving (m, ¢', z) as above, with the additional condition on
x that the homs X (z(¢ — 1), i) be non-empty for all 1<i<k. This last condition
amounts to saying that one can factor x as

[mlo —— [m] —> X
where 7 is the inclusion of the vertices of [m]. We shall call the sequences x satisfying
this condition connected. We have proved the following refinement of lemma(6.12).
LEMMA 7.3. Let X be a globular set and a and b € Xj.
(1) The maps
{TZ}om : {T2x"X}(0,m) - {TX}(a,b)
for allm € N and all sequences x : [m]o—X such that 0 = a and xm = b,
form a coproduct cocone.

(2) The maps {TZT}o,m for allm € N and all connected sequences z : [m)o—X
such that 0 = a and xm = b, form a coproduct cocone.

Now for a normalised collection a : A—7T , the extensivity of G and the cartesianness
of « enables us to lift our understanding of the homs of 7X expressed in the
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previous two lemmas, to an understanding of the homs of AX. In order to do this
in lemma(7.5) below, we require a basic lemma regarding pullbacks and homs in G.

LEMMA 7.4. Given a commutative square (I)

Wl x W (a,b) " X (ha, hb)
fl I lg fa,,bi 11 lgha,,h,b
Y — Z Y (a,b) 4>ka,b Z(ha, hb)

in G such that fo and go are identities, one has for each a,b € Wy commuting
squares (II) as in the previous display. The square (I) is a pullback iff for all
a,b € Wy, the square (II) is a pullback.

PROOF. Suppose that (I) is a pullback and a,b € Wy. Let y € Y(a,b), and
x € X (ha, hb),, such that ky = gz. Then there is a unique w € W41 such that
fw =y and hw = z, and since fy = id and its components commute with sources
and targets, one has w € W(a,b), whence (II) is a pullback. Conversely suppose
that (IT) is a pullback for all a,b € Wy. In dimension 0 (I) is a pullback since fy
and go are identities. For n € N let y € Y,,41 and z € X,,4; such that ky = gz.
Put a = spy and b = tyb so that y € Y(a,b),. Since the components of maps in
G commute with sources and targets we have z € X (ha, hb),, and since (II) is
a pullback there is a unique w € W(a,b),, such that fw = y and hw = x. Any
w' € W41 such that fw’' =y and hw’ = x is in W(a, b),, since the components of
f commute with sources and targets, and so w’ = w. |

LEMMA 7.5. Fiz a choice of initial object ) and pullbacks in @, such that the
pullback of an identity arrow is an identity. Let o : A—T be a normalised collection.

(1) Let X = (X1, ..., Xz) in G. Then for 0<a,b<k we have

0 a>b
{AX}(a,b) = { (A" X}(0,b—a)  a<b
where z : [b — alo—X is given by xi = a + 1.
(2) The maps
{AZ}o,m : {A2* X }(0,m) — {AX}(a,b)
for allm € N and all sequences x : [m]p—X such that z0 = a and xm = b,
form a coproduct cocone.
(3) The maps {AZT}o.m for allm € N and all connected sequences x : [m]o—X
such that 0 = a and xm = b, form a coproduct cocone.
PRrROOF. Inthe case X = (Xi, ..., Xj) witha > bonehas {ax}qp : {AX }(a,b)—0
by lemma(7.2), and since the initial object of G is strict, one has {AX }(a,b) = 0.

Given any X and z : [m]op—X such that 20 = a and m = b, we have that

{Az* X 3(0,m) Z2 {AX Y (a,b)

{az*X}O,m,\L l{aX}a,b

{Ta" X}0.m) = {T X }a,b)
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is a pullback by lemma(7.4) and the cartesianness of . In the case X = (X1, ..., Xx)
with a < band z : [b — alo—X given by zi = a + 14, {TT}o,p—q is the identity by
lemma(7.2), thus so is {AZ}o -, and we have proved (1). In the general case
considering all m € N and sequences (resp. connected sequences) x : [m]o—X with
20 = @ and am = b, the {TZ}o, form a coproduct cocone by lemma(7.3), and
thus so do the {AZ}¢,, by extensivity, which gives (2) and (3). O

For a normalised collection A, k € N and X; € G where 1 <1 <k, define

where X = (X1, ..., Xx).

REMARK 7.6. There is an analogy between lemma(7.5) and the Lagrangian
formulation of quantum mechanics. In this analogy one regards any globular set
X, to which one would apply a collection, as a state space the 0-cells of which
are called states. A normalised collection A is then a type of quantum mechanical
process, with the hom {AX }(a,b) playing the role of the amplitude that the process
starts in state a and finishes in state b. The basic amplitudes are the {AX}(0, k)
where X = (Xi,...,Xj). In terms of these analogies, lemma(7.5) expresses the
sense in which the general amplitude {AX }(a,b) may be regarded as the sum of
the basic amplitudes over all the “paths” between a and b, that is, as a sort of
discrete Feynman integral. The formula just given expresses this passage between
basic and general amplitudes as a particular strong monoidal functor, which allows
us to view normalised operads as multitensors, and algebras of such an operad as
categories enriched in the corresponding multitensor.

The reader should be aware that it first became apparent to the authors that
lemma(7.5) is fundamental to the proof of theorems(7.7) and (7.8), and the above
analogy was noticed afterwards.

THEOREM 7.7. The assignment A — A is the object map of a strong monoidal
functor
() : T-Colly — Dist(G).
For a normalised operad A, one has an isomorphism A-Alg = A-Cat commuting
with the forgetful functors into Set.

PRrROOF. The above definition is clearly functorial in the X; so one has A :
MG—G. A morphism of normalised collections ¢ : A—B is a cartesian trans-
formation between A and B, and such a ¢ then induces a natural transformation
¢ : A>B by the formula ¢y = {¢x}ox. The cartesianness of ¢ and lemma(7.4)
ensures that ¢ is cartesian. In particular 7 = 7* by lemma(7.2) and so for a
given normalised collection o : A—7, one obtains a cartesian @ : A—7*. Now
by example(3.2) 7> is distributive (ie preserves coproducts in each variable) and
so A is also because of the cartesianness of @ and the stability of coproducts in G.
The assignment ¢ — ¢ described above is clearly functorial, and so U is indeed
well-defined as a functor into Dist(@).

Since X(Q, k) is empty when k # 1 and just X; when k = 1, we have 1 = I the

unit of Dist(G). Let A and B be normalised collections and X = (X3, ..., X,,,). By
lemma(7.5) the morphisms

{AT}o s : {A2* BX}(0,k) — {ABX}(0,m)
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where k € N and z : [k]p—BX such that 20 = 0 and zk = m, form a coproduct
cocone. By the definition of the tensor product in Dist(@), this induces an isomor-
phism AB =2 A o B. We now argue that these isomorphisms satisfy the coherence
conditions of a strong monoidal functor. Recall that the tensor product in Dist(@)
is defined using coproducts. A different choices of coproducts give rise to different
monoidal structures on Dist(@), though for two such choices the identity functor
on Dist(@) inherits unique coherence isomorphisms that make it strong monoidal
and thus an isomorphism of monoidal categories. Because of this one may easily
check that if a given strong monoidal coherence diagram commutes for a partic-
ular choice of defining coproducts of the monoidal structure of Dist(@), then this
diagram commutes for any such choice. Thus to verify a given strong monoidal
coherence diagram, it suffices to see that it commutes for some choice of coprod-
ucts. But for any such diagram one can simply choose the coproducts so that all
the coherence isomorphisms involved in Just that diagram are identities. Note that
this is not the same as specifying Dist(G)’s monoidal structure so as to make ( )
strict monoidal. This finishes the proof that () is strong monoidal.

Let A be a normalised operad and Z be a set. To give a globular set X with
Xo = Z and = : AX—X which is the identity on 0-cells, is to give globular sets
X(y,z) for all y,z € Z and maps z, . : {AX}(y,2)—X(y,2). By lemma(7.5) the
xy,. amount to giving for each k € N and f : [k]Jo—X such that f0 =y and fk = 2,
a map

2y KX (fimr, Ji) = X(y.2)
since A X (f;—1, fi) = {Af*X}(0,k), that is 2y = x, .{Af}o. For y,z € Z, one
has a unique f : [1]o—X given by f0 =y and f1 = z. The naturality square for 7
at f implies that {nx},. = {Af}o, 1{7(x (y,2)) }o,1 and the definition of () says that
Nx(y,2)tor = = Tx(y.2): Thus to say that a map = : AX—X satisfies the unit law
of an A-algebra is to say that « is the identity on 0-cells and that the x ¢ described

above satisfy the unit axioms of an A-category.
To say that x satisfies the associative law is to say that for all y,z € Z,

(5) (42X} (g, 2) 28 (A}, 2)
{A:c}y)zl lwy,z
{AX}(y, 2) X(y,2)

commutes. Given f : [m]o—X with f0 =y and fm =z, and g : [k]p—Af*X with
g0 =0 and gk = m, precomposing (5) with the composite map

{ g}Ok { f}07n

(6) {Ag"Af X 30, k) — {A2f* X }(0,m) —— {A2X }(y, 2)

and using lemma(7.5) one can see that one obtains the commutativity of

™) REX(F(6:5) — 1. J(0.) T BX(F((02) = 1), £.)
e le
AX(g(i—1),9i) — X(y,2)
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where 1<i<k, 1<j<m,;, with the m; determined in the obvious way by g. That is,
the associative law for z, namely (5), implies the A-category associative laws (7).
Conversely since the composites (6) over all choices of f and g form a coproduct
cocone by lemma(7.5), (7) also implies (5). This completes the description of the
object part of A-Alg = A-Cat.

Let (X,z) and (X’,2’) be A-algebras and Fy : Xo—X{ be a function. To
give F' : X—X' with O-cell map Fy is to give for all y,z € Xy, maps Fy . :
X (y, z2)—X'(Foy, Foz). By lemma(7.5) to say that F is an algebra map is equivalent
to saying that F and the F,, , form an A-functor. The isomorphism A-Alg 2 A-Cat
just described commutes with the forgetful functors into Set by definition. O

Early in the above proof we saw that () sends morphisms in 7-Colly to carte-
sian transformations. Since 7 is tight by proposition(6.11) and lemma(6.10), this

implies by theorem(7.7) that () may in fact be regarded as a strong monoidal
functor

() : T-Colly — LraDist(G) /T *.

For this manifestation of ( ) we have the following result.

THEOREM 7.8. The functor () just described is an equivalence of categories
T-Colly ~ LraDist(G) /T *.

Proor. We will verify that () is essentially surjective on objects and fully
faithful. For a cartesian ¢ : E—7* we now define a : A—7 so that @ = ¢. For
X € G define {AX}y = X, and for z,y € Xy, define {AX }(x,y) as a coproduct
with coproduct injections

cr :EX(f(i =1), fi) — {AX}(z,y)

for each f : [k]o—X with fO = 2z and fk = y. This definition is functorial in X in
the obvious way. The components of a are identities on 0-cells with the hom maps
determined by the commutativity of

(8) EX(f(i=1), /1) 2 (AX}(2,y)

si l{aX}w,y

{TfX}0,k) T {TX}(z,y)

for all f as above. Since G is extensive these squares are pullbacks, and so by
lemma(7.4) « defined in this way is indeed cartesian. In the case where X =
(X1,..., X)) and f is the identity on O-cells, one has {7 f}o = id and so (8) gives
a = ¢ as required. To verify fully faithfulness let o : A—7 and § : B—7 be
normalised collections, and ¢ : A—B be a cartesian transformation. To finish the
proof it suffices, by the tightness of 7 and 7* and lemma(6.8), to define a cartesian
transformation 1) : A— B unique such that ¢ = ¢. For X € G and [ [k]o—X this

last equation says that such a v must satisfy

{¥rx3(0,k) = dx(rii-1).50) : {AS* X}, k) — {BfX}(0,k).

The cartesianness of ¥ and the tightness of 7 implies ¥/ = « by lemma(6.8), and
so {¢x}o is the identity. For x,y € X, the map {¢x}s is determined by the
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commutativity of

(AF X305 2% (AX Y )

{wf*x}(oqk)i l{ibx}z,y
Bf*X O,k e BX x,
(BFX)0.0) = (BX}(w.0)

for all f, since the {Af}q x form a coproduct cocone by lemma(7.5). Note also that

this square is a pullback by the extensivity of G. This completes the definition of
the components of 1) and the proof that they are determined uniquely by ¢ and
the equation 1 = ¢, and so to finish the proof one must verify that the 1x are
cartesian natural in X. To this end let F' : X—Y . Since the components of « are
identities in dimension 0 it suffices by lemma(7.4) to show that for all z,y € X,
the squares

(9) {AX}(z,y) 25 AY Y (Foz, Foy)

{"PX}IU\L i{"/}Y}Foz-,Foy
{BX}(z, y){my{BY}(Fox, Foy)

are pullbacks. For all f : [k]o—X one has Ff = Ff by definition, and so the
composite square

(A7 x50, k) 2% L ax Y @, ) T AV Y (o, o)

{Q/Jf*X}(ka)l {wx}wi \L{wY}Fovaoy
Bf*X1}0,k) — BX}(x, BY }(Fyx, F
{ f }( ){m{ }(33 y){?};{ }( oz, Foy)

is a pullback, and so by the extensivity of G (9) is indeed a pullback since the
{Af}o, for all f form a coproduct cocone. O

REMARK 7.9. The equivalence of theorem(7.8) could have been described dif-
ferently. This alternative view involves the adjoint endofunctors D and X of G. For
X € G, DX is obtained by discarding the 0-cells and putting {DX}n = Xpnt1, 2X
has one 0-cell and ¥X,, 11 = X,, and one has D - ¥. The effect of D and ¥ on
arrows provides an adjunction

Dt
(10) G/T1 1 G/DT1,

3XpT1

and the right adjoint ¥ p71 is fully faithful since ¥ is. Thus (10) restricts to an
equivalence between the full subcategory A of G /71 consisting of those f: X—T1
such that Xy is singleton. Evaluating at 1 gives an equivalence between 7-Colly
and the full subcategory of @/ 71 just described. By evaluating at 1 and by the
definitions of D and 71 one obtains LmDist((@)/’TX o~ @/D’Tl. Finally these
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equivalences fit together into a square

T-Collg N LraDist(@)/TX

evli \Levl

N G/DT1

T1

which one may easily verify commutes up to isomorphism. These equivalences
evy really just express the equivalence of two different ways of viewing collections
and their multitensorial analogues, and so modulo this, the equivalence from (10)

expresses in perhaps more concrete terms what ( ) does. However we have chosen

to work with ( ) because this point of view makes clearer the relationship between
algebras and enriched categories that we have expressed in theorem(7.7).

Putting together theorem(7.8) and theorem(5.9) one obtains the equivalence
between normalised 7 -operads, 7-multitensors and M7 -operads.

COROLLARY 7.10. 7-Op, ~ 7-Mult ~ M7T-Op.

8. Finite dimensions and the algebras of 7

We shall now explain how the results of this paper specialise to finite dimen-
sions, and show how one can see that the algebras of 7 really are strict w-categories
defined in the usual way by successive enrichment.

The category G<,, is defined to be the full subcategory of G consisting of the
k € N such that 0 < k < n. The objects of @Sn are called n-globular sets. By
definition the monad 7 on G restricts to n-globular sets: the description of 7 X,
depends only on the k-cells of X for & < n. Thus one has a monad 7<,, on ((A}Sn.
Our description of 7 from section(6) restricts also, and so the monads 7<,, are L.r.a,
coproduct preserving and tight. In fact, by direct inspection, everything we have
done in this paper that has anything to do with 7 restricts to finite dimensions.

In particular for n € N, denoting by 7<i4,-Colly the category of normalised
(14n)-collections, whose objects are cartesian transformations o : A—7<14,, whose
components are identities in dimension 0, one has a functor

() : T<14n-Colly — Dist(G<,,)
whose object map is given by the formula
AX; ={AX}0,k)

where A is a normalised (1 + n)-collection, k € N and X; € @Sn where 1 <14 <k,
and X € G<i4p is defined as X = (X7, ..., Xx). The finite dimensional analogue of
theorem(7.7) is

THEOREM 8.1. The functor () just described is a strong monoidal functor,
and for a normalised (1 4+ n)-operad A, one has an isomorphism A-Alg = A-Cat
commuting with the forgetful functors into Set.

As before one may also regard ( ) as a strong monoidal functor
6 : TS1+n—COHQ — LI‘aDlSt(@Sn)/TSXn

and the analogue of theorem(7.8) is
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THEOREM 8.2. The functor () just described is an equivalence of categories
TS1+n—COHO ~ LI‘aDlSt(GSn)/Tgn

and so we have
COROLLARY 8.3. T<145-Opy =~ T<,-Mult ~ M7<,-Op.

One can think of n as an ordinal instead of a natural number, and then the original
results from section(7) correspond to the case n = w.

All along we have been working with the monads 7<,, as formally defined
combinatorial objects. Given the results of this paper however, it is now easy
to see that their algebras are indeed strict n-categories. The usual definition of
strict m-categories is by successive enrichment. One defines 0-Cat = Set and (1 +
n)-Cat = (n-Cat)-Cat for n € N where n-Cat is regarded as monoidal via cartesian
product. Recasting this a little more formally, (—)-Cat is an endofunctor of the
full subcategory of CAT consisting of categories with finite products. Writing 0
for the terminal object of this category, that is the terminal category, one has by
functoriality a sequence

-+ —> 3-Cat — 2-Cat —— 1-Cat 0-Cat 0

Explicitly the maps in this diagram are the obvious forgetful functors. The limit
of this diagram is formed as in CAT, and provides the definition of the category
w-Cat. Then by theorem(7.7) and proposition(2.8) we have isomorphisms

d)n : Tgl+n—A1g — (Tgn—Alg)—Cat

Let us write Enr for the endofunctor V — V-Cat that we have just been considering.
The isomorphisms ¢,, are natural in the sense of the following lemma, which enables
us to then formally identify the algebras of 7 in theorem(8.5).

LEMMA 8.4. Forn € N let tr,, : T<14n-Alg—T<,-Alg be the forgetful functor
given by truncation. The square

tri4n

ng+n-Alg TS 14+n-Alg

¢'1+ni \L¢n

(Té1+n-Alg)-CatEﬁ>)(TS"'Alg)'Cat

commutes for all n € N.
PrROOF. One obtains ¢,, explicitly as the composite of two isomorphisms
T<1+n-Alg — Tgn—Cat — (T<p,-Alg)-Cat

the first of which is described explicitly in the proof of theorem(7.7), and the second
in the proof of proposition(2.8), and using these descriptions one may easily verify
directly the desired naturality. O

THEOREM 8.5. For 0 <n <w, T<,-Alg = n-Cat.

PRrROOF. Write ¢ : 0-Cat—0 for the unique functor. By the definition of w-Cat
it suflices to provide isomorphisms v, : 7<,-Alg—n-Cat for n € N natural in the
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sense that
Te1n-Alg —> T, -Alg

w1+nl lwn

1+ n)—CatE4>mHn(t)n—Cat

commutes for all n. Take 19 = 1get and by induction define 114, as the composite

Terin-Alg —2"> (Tep-Alg)-Cat 2 (1 4 )-Cat .

The case n = 0 for ¥’s naturality comes from the fact that the isomorphisms that
comprise ¢ (see lemma(8.4)) are defined over Set. The inductive step follows easily
from lemma(8.4). O
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