MULTITENSORS AS MONADS ON CATEGORIES OF ENRICHED
GRAPHS

MARK WEBER

ABSTRACT. In this paper we unify the developments of [3], [5] and [11] into a single
framework in which the interplay between multitensors on a category V', and monads
on the category GV of graphs enriched in V', is taken as fundamental. The material
presented here is the conceptual background for subsequent work: in [4] the Gray tensor
product of 2-categories and the Crans tensor product [14] of Gray categories are exhibited
as existing within our framework, and in [28] the explicit construction of the funny tensor
product of categories is generalised to a large class of Batanin operads.

1. Introduction

A monad on a category C is an excellent way of defining extra structure on the objects of
C. For instance in the globular approach to higher category theory [3] an n-dimensional
categorical structure of a given type is defined as the algebras for a given monad on the
category G<,, of n-globular sets.

Multitensors are another way of defining extra structure. Recall [5] that a multitensor
E on a category V is simply the structure of a lax monoidal category on V. As such it
includes the assignment

(Xl, ,Xn) — E(Xl, ,Xn)

of the n-fold tensor product of any finite sequence of objects of V' and non-invertible
coherences including unit maps uy : X — F(X) and substitution maps

E(E(Xll, ---7X1n1)7 ey E(Xkl, 7kak)) — E(Xll, "~7X1n17 ...7Xk1, 7kak)

which satisfy some natural axioms. In particular, the unary case n = 1 is interesting, and
restricting attention just to this case one has a monad F; on V. On the other hand in
the case where the unit is the identity and the substitutions are invertible, one refinds
the usual notion of monoidal category, though expressed in an “unbiased” way in terms
of n-ary tensor products.

From this perspective the notion of enriched category does not require the invertibility
of these coherence maps, and so one has the notion of a category enriched in E (also known
as an “F-category”) for any multitensor. Thus, a multitensor on a category V' is a way of
endowing graphs enriched in V' with extra structure. Recall a graph X enriched in V' is
simply a set Xy of objects, together with objects X (a,b) of V' called “homs” for all pairs
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(a,b) of objects of V. In particular an E-category structure on X includes the structure
of an F, algebra on the homs of X.
These two ways of defining extra structure are related. If V' has coproducts and the
assignation
(Xl, ---;Xn> — E(Xl, ...,Xn)

preserves coproducts in each variable, in which case we say that F is a distributive multi-
tensor, then in a straight forward manner E defines a monad I'E on the category GV of
graphs enriched in V', whose algebras are E-categories. The purpose of this article is to
study this process

(V,E) — (GV,TE)

of assigning a monad to a distributive multitensor in a systematic way.

The developments presented in this article are applied to simpifying and unifying
earlier work in the subject [3] [5] [11], and as a springboard for subsequent developments.
In [28] the funny tensor product of categories is exhibited as a special case of a symmetric
monoidal closed structure that can be exhibited on the category of algebras of a wide class
of higher operads. In [4] the Gray and Crans tensor products are exhibited within our
emerging framework, weak n-categories with strict units are defined and then exhibited
as obtainable via some iterated enrichment. For both [28] and [4], the work presented
here is used extensively.

This article is organised as follows. In section(2) categories of enriched graphs are
studied. This uses basic categorical notions recalled and defined in appendix(A) related to
the theory of locally presentable categories. In section(3) the construction of monads from
multitensors is discussed, and how properties on the multitensor correspond to properties
on the corresponding monad is spelled out in detail in theorem(3.3.1). The monads that
arise from multitensors via our construction are characterised in section(4) theorem(4.2.4).
Later in the same section the 2-functors underlying the multitensor to monad construction
are given, at which point the connection with the formal theory of monads [25] is made.

This connection is exploited to explain the ubiquity of the distributive laws that arise
in higher category theory [12]. In section(5) the senses in which a monad and multitensor
may distribute is spelled out as part of a generalisation of the classical theory of monad
distributive laws of Beck [6]. As an application we give a very efficient construction of
the monads for strict n-categories in section(5.4). This is the construction at the level of
monads which corresponds at the level of theories to the inductive formula ©,,,;, = A0,
of [7]. We recover this formula from our perspective in section(5.4), from more general
considerations in section(5.3) which bring together the developments of [8] with those of
the present article.

In the setting of the theory of cartesian monads [9, 17, 22] a T-operad for a cartesian
monad 7" on a category £ with pullbacks consists of another monad A on & together with
a cartesian monad morphism ' o : A — T. Similarly given a cartesian multitensor E

!That is, a’s naturality squares are pullbacks, and « satisfies axioms expressing its compatibility with
the monad structures on A and 7.
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on a category V one defines an F-multitensor to consist of another multitensor F' on V'
together with a cartesian multitensor morphism ¢ : F — E [5]. In section(6.1) the basic
correspondence between E-multitensors and I' E-operads is given.

A weak n-category is an algebra of a contractible n-operad?. In section(6) we recall
this notion, give an analogous notion of contractible multitensor, and in corollary(6.3.2),
give the canonical relationship between them. Finally in section(6.4) we recover Cheng’s
description [11] of Trimble’s definition of weak n-category.

Notation and terminology. Given a monad T on a category V the forgetful functor
from the category of Eilenberg-Moore algebras of T is denoted as UT : VT — V. We
denote a T-algebra as a pair (X, z), where X is the underlying object and z : TX — X
is the algebra structure. When thinking of monads in a 2-category, it is standard practise
to refer to them as pairs (A,t) where A is the underlying object, ¢ is the underlying
endomorphism, and the unit and multiplication are left implicit. Similarly we refer to
a lax monoidal category as a pair (V, F) where V is the underlying category, E is the
multitensor, and the unit and substitution are left implicit.

The category of presheaves on a given category C is denoted C. Given a functor
F : C — D we denote by D(F,1) : D — C with object map D +— D(F(—), D). For the
category of globular sets it is typical to denote the image of the yoneda embedding as

0 1 2 3

but then 0 denotes the globular set with one vertex and no edges or higher cells. Thus we
adopt the convention of using 0 to denote objects of categories that we wish to think of
as representing some underlying objects functor. Since initial objects are also important
for us, we use the notation ) to denote them. While multicategories aren’t directly mul-
titensors, they become so after convolution — see [15]. Moreover when working seriously
with multitensors, one is always manipulating functors of many variables, and so in fact
working inside the CAT-enriched multicategory of categories. It is for these reasons that
we find the term “multitensor” appropriate.

2. Categories of enriched graphs

Preliminary to the correspondence between monads and multitensors that we describe
in this paper, is the passage V — GV from an arbitrary category V', to the category
GV of graphs enriched in V. In section(2.1) we describe the basic properties of G as an
endofunctor of CAT, whose object map is V' + GV. Then in section(2.2), we describe
what categorical properties G preserves in theorem(2.2.7). From this it is clear that as
far as basic categorical properties are concerned, GV is at least as good as V.

2.1. ENRICHED GRAPHS.

2In this work we use the notion of contractibility given in [22] rather than the original notion of [3].



4

2.1.1. DEFINITION. Let V' be a category. A graph X enriched in V' consists of an un-
derlying set Xo whose elements are called objects, together with an object X (a,b) of V
for each ordered pair (a,b) of objects of X. The object X (a,b) will sometimes be called
the hom from a to b. A morphism f : X—=Y of V-enriched graphs consists of a function
fo : Xo—=Yo together with a morphism fop : X (a,0)—=Y (fa, fb) for each (a,b). The cate-
gory of V-graphs and their morphisms is denoted as GV, and we denote by G the obvious
2-functor
G : CAT — CAT V=gV

with object map as indicated.

Note that for n € N, G"Set is the category of n-globular sets, and that GGlob = Glob
where Glob denotes the category of globular sets. In fact applying the 2-functor G succes-
sively to the inclusion of the empty category into the point (ie the terminal category), one
obtains the inclusion of the category of (n—1)-globular sets into the category of n-globular
sets. In the case n > 0 this is the inclusion with object map

Xoo " Xoa = Xo " Xoa__ 0
and when n=0 this is the functor 1—Set which picks out the empty set. Thus there is
exactly one (—1)-globular set which may be identified with the empty set.

When V has an initial object (), one can regard any sequence of objects (71, ..., Z,) of V
as a V-graph. The object set is {0, ...,n}, (Z1, ..., Z,)(i —1,i) = Z; for 1<i<n, and all the
other homs are equal to (). We denote also by 0 the V-graph corresponding to the empty
sequence (). Note that 0 is a representing object for the forgetful functor (—)y : GV —Set
which sends an enriched graph to its underlying set of objects. Globular pasting diagrams
[3] may be regarded as iterated sequences, for instance (0,0,0) and ((0,0), (0), (0,0,0))

correspond respectively to
/\ /¢\

° ° ° ° o—>e0o— >0 |

AN

when one starts with V' = Set. We denote by “n” the free-living n-cell, defined inductively
by n+1 = (n).

It is often better to think of G as taking values in CAT/Set. By applying the end-
ofunctor G to the unique functor ¢ty : V—1 for each V, produces (—)y which sends an
enriched graph to its underlying set of objects. This 2-functor

G, : CAT — CAT/Set

has a left adjoint described as follows. First to a given functor f : A — Set we denote by
f*?: A — Set the functor with object map a + f(a) x f(a). Then to a given functor
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g : A — Set we denote by g, the domain of the discrete opfibration corresponding to g
via the Grothendieck construction. That is, g, can be defined via the pullback

Go — Set.

[

A—g>Set

where U is the forgetful functor from the category of pointed sets and base point preserving
maps. The left adjoint to G; is then described on objects by f ~— fX2. Explicitly fX?
has as objects triples (a, z,y) where a is an object of A, and (x,y) is an ordered pair of
objects of fa. Maps in fX? are maps in A which preserve these base points.

It is interesting to look at the unit and counit of this 2-adjunction. Given a category V',
(Gty) X2 is the category of bipointed enriched graphs in V. The counit ey : (Gty)S2 — V
sends (X, a,b) to the hom X(a,b). When V has an initial object € has a left adjoint
Ly given by X +— ((X),0,1). Given a functor f : A—Set the unit n; : A—>G(fJ?) sends
a € A to the enriched graph whose objects are elements of fa, and the hom n¢(a)(z,y) is
given by the bipointed object (a, x,y).

A given functor f: A — GV thus admits a canonical factorisation

M5

A GHv (f)

G(fos?)
where on objects one has Hy (a,z,y) = f(a)(x,y). This is the generic factorisation of f
in the sense of [27]. The adjointness (—)X2? - G, says that f is uniquely determined by
its object part fy := (—)of and its hom data Hy (f). For the sake of computing colimits
in GV, as we will in section(2.2), it is worth noting that one can reorganise the data of a
lax triangle as on the left in
X2
i B A—F B e 2

. . 0 "
— ¢
X V% fo\« »/ho Hv(f)\«iﬂmh)
|4

gv

A

=
g Set

into GV in the same way. The middle triangle is just (—)o¢. In the right hand triangle, ¢
is the evident functor with object map (a,x,y) — (ka, ¢ (z), ¢4(y)) which is determined
by ¢o. The natural transformation H, has components given by the hom maps of the

components of ¢, that is (Hg) 4,0,y i the map (¢a)zy : f(a)(@,y) = hk(a)(do(2), da(y))-
It then follows easily from unpacking the data involved that

2.1.2. LEMMA. Given f : A - GV, k: A — B and h : B — GV, the assignment
& (Po, Hy) is a bijection which is natural in h.

Suppose that one has an object 0 in a category A, and f is the representable f =
A(0,—). Then fX% may be regarded as the category of endo-cospans of the object 0, that
is to say the category of diagrams

0—=a<+0
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and a point of @ € A is now just a map 0—a. When A is also cocomplete one can compute
a left adjoint to n;. To do this note that a graph X enriched in fJ? gives rise to a functor

Y:Xéz)%A

where X is the set of objects of X. For any set Z, Z®) is defined as the following category.
It has two kinds of objects: an object being either an element of Z, or an ordered pair of
elements of Z. There are two kinds of non-identity maps

r— (z,y) <y

where (z,y) is an ordered pair from Z, and Z® is free on the graph just described. A
more conceptual way to see this category is as the category of elements of the graph

Ix7 __Z

where the source and target maps are the product projections, as a presheaf on the
category

Ggl - O_>1

—_—

and so there is a discrete fibration Z(2)—G<;. The functor X sends singletons to 0 € A,
and a pair (z,y) to the head of the hom X(z,y). The arrow map of X encodes the
bipointings of the homs. One may then easily verify

2.1.3. PROPOSITION. Let 0 € A, f = A(0,—) and A be cocomplete. Then ny has left

adjoint given on objects by X +— colim(X).

There is a close connection between G and the Fam construction. A very mild re-
formulation of the notion of V-graph is the following: a V-graph X consists of a set X
together with an (Xyx Xj)-indexed family of objects of V. Together with the analogous
reformulation of the maps of GV, this means that we have a pullback square

GV —— FamV
_
(—)ogtvj LFam(tV)

Set 7 Set
in CAT, and thus a cartesian 2-natural transformation G — Fam. From [27] theorem(7.4)
we conclude

2.1.4. PROPOSITION. G s a familial 2-functor.

In particular notice that for all V| the functor (=)o : GV — Set has the structure
of a split fibration. The cartesian morphisms are exactly those which are fully faithful,
which are those morphisms of V-graphs whose hom maps are isomorphisms. The vertical-
cartesian factorisation of a given f : X — Y corresponds to its factorisation as an identity
on objects map followed by a fully-faithful map. Moreover it follows from the theory of
[27] that G preserves conical connected limits as well as all the notions of “Grothendieck
fibration” which one can define internal to a finitely complete 2-category, and that the
obstruction maps for comma objects are right adjoints. In addition to this we have



2.1.5. LEMMA. G preserves Eilenberg-Moore objects.

Given a monad T on a category V', we shall write V7 for the category of T-algebras and
morphisms thereof, and U” : VT —V for the forgetful functor. We shall denote a typical
object of VT as a pair (X, ), where X is the underlying object in V and z : TX—X is
the T-algebra structure. From [25] the 2-cell TU? — UT', whose component at (X, z) is
x itself has a universal property exhibiting V7 as a kind of 2-categorical limit called an
Filenberg-Moore object. See [25] or [21] for more details on this general notion. The direct
proof that for any monad 7 on a category V, the obstruction map G(V1)—G(V)9") is
an isomorphism comes down to the obvious fact that for any V-graph B, a GT-algebra
structure on B is the same thing as a T-algebra structure on the homs of B, and similarly
for algebra morphisms.
Returning to the consideration of Gy, our final observation for this section is

2.1.6. PROPOSITION. Gy : CAT — CAT/Set is locally fully faithful.

PROOF. Given functors F, G : V — W, the data of a natural transformation ¢ : GF — GG
over Set amounts to giving for each X € GV and a,b € Xo, maps ¢xq.p @ FX(a,b) —
GX(a,b), such that for f: X — Y one has the naturality condition for f between a and
b:

FX(a,b) —22" G X (a,b)
Ffus)| - |G

FY (fa, f8) —= GY (fa. /1)
So we define ¢ : ' — G by ¢, = ¢(z)01. One has ¢ : (X(a,b)) = X in GV with

object map (0,1) — (a,b) and hom map ¢, the identity. The naturality condition for ¢
between 0 and 1 yields ¢(x(4,0)),01 = @x,q,6 from which it follows that ¢ = G¢'. Conversely

(Go)'y = (Gd) ()01 = ¢z and so ¢ — ¢’ is the inverse of
CAT(V,W)(F,G) — CAT/Set(GV,GW)(GF,GG) s Gu.

2.2. PROPERTIES OF GV'. This section contains a variety of results from which it is clear
that as a category, GV is at least as good as V. To begin with, any limit that V' possesses
is also possessed by GV.

2.2.1. PROPOSITION. Let I be a small category. If V admits limits of functors out of I,
then so does GV and these are preserved by (—)o.

PROOF. Let F': I — GV be a functor. We construct its limit L directly as follows. First
we take the set Ly to be the limit of the functor F(—)y, writing A\;o : Lo — F(i)o for
a typical component of the limit cone. Without loss of generality one can represent the
elements of Ly explicitly as matching families of elements of the F'(i)o. That is, any such

element is a family
ZL’:(ZBZGF(Z)O . ZEI)
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such that for all f : 4 — jin I, one has F f(x;) = x;. Given an ordered pair (z,y) of such
families, one has a functor

Foy: I =V i — Fi(z,y;)
with indicated object map. One then defines the hom L(z,y) to be the limit in V of F,

T,y
and we write X, : Fi(z;,y;) — L(z,y) for the components of the limit cone. These
provide the hom maps, and \; the object functions, of morphisms \; : L — Fi. It is

easily verified that these exhibit L as a limit of F. [

In particular from the explicit construction of limits just described, it is clear that GV
possesses some pullbacks under no conditions on V.

2.2.2. COROLLARY. For any category V, GV admits all pullbacks along fully faithful

maps, and these are preserved by (—)o. Moreover the pullback of a fully faithful map is
atself fully faithful.

PROOF. In this case the construction of proposition(2.2.1) goes through because the pull-
backs in V' that arise in the construction are all along an isomorphism, and such clearly
exist in any V. The last statement follows from this explicit construction since isomor-
phisms in any V' are pullback stable. [

By lemma(2.1.2) one can compute the left kan extension of F' : I — GV along any
functor G : I — J between small categories, in the following way. First compute the left
extension Ky : J — Set of Fj along G denoting the universal 2-cell as kg : Fy — KoG.
Then given sufficient colimits in V, compute the left extension Hy (K) : Ki2 — V of
Hy (F) along k)2, denoting the universal 2-cell as H, : Hy(F) — Hy(K). Thus we
have the object part K, and hom data Hy (K) of a functor K : J — GV. The natural
transformation x : F' — KG corresponding to (kg, H,) by lemma(2.1.2) clearly exhibits
K as the left extension of F' along G, by a straight forward application of lemma(2.1.2)
and the definition of “left kan extension”.

When J = 1 note that K, is just the discrete category Ky x Ky, and so for z,y € K,
one may compute Hy (K)(x,y) as the colimit of Hy (F) restricted to the fibre of k2 over
(z,y).

2.2.3. PROPOSITION.

1. For any category V', GV has a strict initial object.

2. If V' has an initial object, then GV has coproducts and pullbacks along coproduct
inclusions.

3. If V' has a strict initial object, then every X € GV decomposes as a coproduct of
connected objects.

4. If X is a regular cardinal and V' has \-filtered colimits, then so does GV .
5. If V has all small colimits, then so does GV .

In each case the colimits in GV under discussion are preserved by (—)o.
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2.2.4. REMARK. In appendix(A) we recall some of the general theory of connected ob-
jects. An alternative formulation of (3) is that V having a strict initial object implies that
GV is locally connected in the sense of definition(A.1.2), which by lemma(A.1.3), implies
that GV is extensive. If moreover one has finite limits in V', and thus also in GV, then
by proposition(A.1.8), this coproduct decomposition into connected objects is essentially
unique, and the assignation X — my(X) is the object map of a left adjoint to the functor
(—) - 1 given by taking copowers with 1.

PROOF. (of proposition(2.2.3)). By the above uniform construction of colimits one has
(5), and the preservation of any colimit by (—)o when it is constructed in this way. The
empty V-enriched graph is clearly strictly initial in GV and so (1) follows.

(2): In the case where [ is discrete, £} is the inclusion

[T 7)o x F(i)o = [] F(i)o x ]_[ F(i)o

il 7

(between discrete categories) which picks out pairs (z,y) which live in the same com-
ponent. Thus the coproduct X := [[, X; in GV is defined to have objects those of the
disjoint union of the objects sets of the X;, and homs given by X (x,y) = X;(x,y) when
x and y are both in X;, and () otherwise. The required pullbacks exist by corollary(2.2.2)
since coproduct inclusions are clearly fully faithful.

(3): Let X € GV. We define the relation on X as

{(a,0) : V(X(a,b),0) =0} C Xo x Xo

and say that a and b are in the same component of X when they are identified by the
equivalence relation generated by the above relation. Denote by m(X) the set of equiv-
alence classes, which themselves are called connected components. For i € my(Xy) we
denote by X; the full sub-V-graph of X whose objects are those of X’s i-th component,
and by cx; : X; — X the evident inclusion.

Suppose mo(X) =1 and f: X — [] ;Y; is a graph morphism into some coproduct of
V-graphs. We will now show that such an f factors uniquely through a unique summand,
so that X is connected. From the explicit construction of coproducts in GV in proposi-
tion(2.2.3), it is clear that coproduct inclusions in GV are mono. Thus it suffices to show
that f factors through a unique summand. Since X is non-empty it suffices to show that
f sends any pair (a,b) of elements of Xy to the same summand. Since mo(X) = 1 there is
a sequence

(; : 0<j5<n)

of elements of Xy, such that g = a, x,, = b and for all 1 < j < n, the set
Sig =V (X(xj_1,2;),0) x V(X (2,25-1),0)

is empty. But if fz;_; and fz; are in different components of the coproduct, then both
Y (fxj1, fr;) and Y (fx;, fx;_1) would be (), and so the hom maps (fz, |4, fo;e;_ 1)
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would give an element of S;;. Thus all the elements (xo,...,2,) are sent to the same
component of the coproduct by f.

Thus for general X, the X; for i € my(X) are connected. Since Vs initial object is
strict, a and b in X will be in a different component iff X (a,b) = (. Thus by the explicit
construction of coproducts in GV, the cx,; are the components of a coproduct cocone.

(4): When I is Mfiltered we note that since A-filtered colimits in Set commute with
binary products, the cocone

Ko, X Ko, * F(Z)O X F(’L)() — Ko x K

in Set is also a colimit cocone. Thus the functor k)2 : F;> — Ky x Ky has another
interpretation. Since Fj? is the category of elements of the functor i — F(i)g x F(i)o,
then by the above remark Ky x K is the set of connected components of Fyi? and ;& is
the canonical projection. So the fibres of Kgee are the connected components of Fyi?. Since
the evident forgetful functor Fyi® — I is a discrete opfibration, the connected components
of F? are themselves M-filtered. Thus a fibre of k2 over a given (z,y) will itself be A-
filtered, and so A-filtered colimits in V' will suffice for the construction of the colimit in

this case. -

2.2.5. REMARK. There is one very easy to understand class of limit/colimit of V-graphs.
These are those for functors F' : J — GV where J is connected and Fy : J — Set is
constant at some set X. For then the limit or colimit of F' may also be taken to have
object set X, and one computes the hom between a and b € X of the limit or colimit by
taking the limit or colimit in V' of the functor J — V with object map j — F(j)(a,b).

Now we describe how the 2-functor G preserves locally (c)-presentable categories and
Grothendieck toposes. First we require a general lemma which produces a strongly gen-
erating or dense subcategory of GV from one in V' in a canonical way. Recall that a
functor i : D — V is strongly generating when V' (i,1) : D — D is conservative (ie reflects
isomorphisms), and that ¢ is dense when V' (4, 1) is fully faithful. Moreover recall that an
object D of a category V is said to be small projective when V (D, —) preserves all small
colimits.

For the following lemma we require also the endofunctor

(—)4 : Cat — Cat

of the 2-category Cat of small categories. For a small category C, one describes C, as
follows. There is an injective on objects fully faithful functor

[/(Cic—>(C+ C|—>C+

and C, has an additional object 0 not in the image of «c. Moreover for each C' € C one
has maps
oc:0—=-Cy  T16:0—=C4
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and for all f : C—D one has the equations f,oc = op and f,7¢c = 7p. Starting from the
terminal category and iterating (—); n times gives the usual site G<,

o o
Oﬁ- ﬁ-n
—_— —_—
T T

for n-globular sets.

Given a small category D and a functor ¢ : D — V where V has an initial object, one
has a functor it : D, — GV given on objects by i*(0) = 0 and i*(D;) = (iD), fitting
into '

D—=V
LDl pb l(*)

D+;>QV

in CAT. Note moreover that when Vs initial object is strict, the fully faithfulness of i
implies that of 7.

2.2.6. LEMMA. Suppose that V' has a strict initial object, D is a small category and
1: D —V is a fully faithful functor. Let \ be a regular cardinal.

1. If i is strongly generating then so is it. [19]
2. If i is dense then so is i+.
3. If the objects in the image of i are connected then so are those in the image of i™.

4. If V has A-filtered colimits and the objects in the image of i are A-presentable, then
so are those of i*. [19]

5. If V' has small colimits and the objects in the image of © are small projective, then
so are those of i™.

PRrROOF. For convenience we regard ¢ as an inclusion of a full subcategory. Since V has
a strict initial object, ¢* is also fully faithful, and so we regard it as an inclusion also.
Let f: X — Y bein GV. Suppose that GV (0, f) is a bijection, and that for all D € D,
GV ((D), f) are bijections. For (1) we must show that f is an isomorphism. To say that
GV (0, f) is a bijection is to say that f is bijective on objects, and so it suffices to show
that f is fully faithful. Let a,b € X, and D € D. Note that the hom set V(D, X(a,b))
may be recovered as the pullback of the cospan

122 Gy (0, X) x GV(0, X)) &Y 206V0120)

gv((D), X)

where iy and iy pick out the objects 0 and 1 of (D) respectively. Moreover the function
V(D, fap) is induced by the isomorphism of cospans

a,b) GV (i0,X),GV (i1,X))

12 GV (0, X) x GV (0, X) < GV ((D), X)
l lgV(O,f)XQV(O,f) lgV«D),f)
L g 9V O Y) x GV O0Y) <G gty 9V (PLY)
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and so V(D, f.p) is also bijective. Since this is true for all D € D and D is a strong
generator, it follows that f,; is an isomorphism. Thus f is fully faithful and so (1)
follows.

Given functions

fe:GV(E,X)— GV(E,)Y)

natural in £ € D, we must show for (2) that there is a unique f : X—Y such that
fe = GV(E, f). The object map of f is forced to be fy, and naturality with respect to
the maps iy and 4; : 0 — (D) ensures that the functions fr amount to fy together with
functions

fD,a,b : g(tV>:<2((O7 (D)a 1)a (&7 X’ b)) — g<tv):<2((07 (D)v 1)7 (f0a7 K fOb))

natural in D € D for all a,b € Xy. Recall from section(2.1) that ey : G(ty)? — V has a
left adjoint given on objects by Z +— (0,(Z),1). By this adjointness the above maps are
in turn in bijection with maps

Iap VD, X(a,b)) = V(D,Y(foa, fob))

natural in D € D for all a,b € X, and so by the density of D one has unique f,; in
V' such that f}, ., = V(D, fap). Thus fo and the f,; together form the object and hom
maps of the unique desired map f, and so (2) follows.

By proposition(2.2.3) (—)o preserves all the necessary colimits, so that in the case of
(3) 0 is connected, in the case of (4) it is A-presentable and in the case of (5) it is small
projective.

Recall the uniform construction of a colimit of F' : I — GV described for proposi-
tion(2.2.3), and write x; : Fi — K for the universal cocone. Then for D € V' the cocone
GV ((D), k;) induces an obstruction map

VD) ¢ coimGV((D), Fi) = GV((D), K)

which measures the extent to which GV'((D), —) preserves the colimit of F'. We shall give
an alternative description of this map in terms of the homs of V. First observe that any
map f : (D) — X amounts to an ordered pair (a,b) of objects of X picked out by fy, and
the hom map fo1: D — X(a,b), and so one has a bijection

GV((D),X)= [ V(D,X(a,b)).

a,beXo

Second for a,b € K recall from the construction of the colimit K that one has a colimit
cocone kg 5 ¢ Fi(a, B) — K(a,b) in V where (a, i, 3) ranges over the fibre of k(2 : Fgi2 —
Ky x Kq over (a,b). Thus one has an obstruction map

VDriap - colim V(D, Fi(a, B)) = V(D, K(a,b))

(i,0,8)€ (k) ~(a,b)
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measuring the extent to which V(D, —) preserves the defining colimit of K(a,b). The
above isomorphisms exhibit v(p) ., as isomorphic in Set™ to the function

L7000 I colimV(D, Fi(a, 8) = [T V(D, K(a,b))
a,b a,b wh a,b

Let D be small projective and I small. Then the colimit in the definition of yp, , ,
is preserved since D is small projective. Thus the functions YD ,kia50 a0d thus y(p) ., are
bijective, whence (D) is also small projective, and so (5) follows. Similar arguments prove
(4) and (3). In the case of (3) when D is connected and I discrete, (k;2)~"(a,b) is either
the empty or the terminal category. In the former case the colimit in the definition of
YD.ki a5 18 Preserved since D is connected, and in the latter case this is so since the colimit
in question is absolute. As for (4) where D is now A-presentable and [ is A-filtered,
the result follows because as we saw in the proof of proposition(2.2.3), the categories
(kg2)(a, b) are also Mfiltered. o

2.2.7. THEOREM. Let X\ be a regular cardinal.
1. If V is locally A-presentable then so is GV .[19]

2. If V is locally A-presentable and has a strict initial object, then GV s locally \-c-
presentable.

If V is locally M-presentable then G?V is locally \-c-presentable.
If V is locally A-c-presentable then so is GV'.

If V' is a presheaf topos then so is GV .

S v e

If V is a Grothendieck topos then GV is a locally connected Grothendieck topos.

PRrOOF. If V is locally A-presentable then GV is cocomplete by proposition(2.2.3), and
one can build a strong generator for GV consisting of \-presentable objects from one in
V' using lemma(2.2.6) to exhibit GV as locally A-presentable, giving us (1). If in addition
V' has a strict initial object, then in GV every object decomposes as a sum connected
objects by proposition(2.2.3)(3), and so (2) follows by theorem(A.2.4)(5). (3) now follows
since GV has a strict initial object by proposition(2.2.3). (4) is immediate from (2) and
theorem(A.2.4)(6).

Recall that a category V' is a presheaf topos iff it has a small dense full subcategory
i: D = V consisting of small projective objects. Clearly the representables in a presheaf
topos provide such a dense subcategory. Conversely V(i,1) : V' — D is fully faithful
by density. Since the objects of D are small projective, V(7,1) is cocontinuous, and
since every presheaf is a colimit of representables, it then follows that V'(i,1) essentially
surjective on objects, giving the desired equivalence V' ~ D. In this situation D, provides
a small dense subcategory of GV consisting of small projectives by lemma(2.2.6), whence
GV ~D., and so (5) follows.
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Since a Grothendieck topos is a left exact localisation of a presheaf category, the 2-
functoriality of G together with (5), (2) and example(A.2.5) implies that to establish (6),
it suffices to show that G preserves left exact functors between categories with finite limits.
This follows immediately from the explicit description of limits in GV given in the proof
of proposition(2.2.1). n

In particular from theorem(2.2.7)(5) and the 2-functor (—), we obtain
G"Set ~ @;

reconciling the two ways of looking at the category of n-globular sets. Note however that
this is a genuine equivalence and not an isomorphism.

3. Constructing a monad from a distributive multitensor

The passage V +— GV discussed in the previous section will now be extended to the
construction (V, F) — (GV,T'E), which takes a category V equipped with a multitensor
E, and produces a monad I'E on GV. The construction itself is very simple and not at all
original. What is perhaps novel is the recognition that this construction is so well-behaved
formally, and that taking it as fundamental leads to considerable efficiencies in our ability
to describe many constructions later on (both in this paper and subsequent works).

A multitensor £ and its associated monad I'E describe the same structure, but in
different ways. Multitensors, just like the monoidal structures they generalise, come with
an attendant notion of enriched category, whereas monads come with a notion of algebra.
Proposition(3.2.1) says that a category enriched in F is the same thing as an algebra for
['E. In the technical aspects of operad/monad theory one is often interested in the formal
properties enjoyed by the operads/monads one is considering. Thus it is of interest to
know how the formal properties of E correspond those of I'E, which is what the main
result of this section, theorem(3.3.1), tells us.

3.1. RECALLING MULTITENSORS. We begin by recalling some definitions and notation
from [5]. For a category V', the free strict monoidal category MV on V is described as
follows. An object of MV is a finite sequence (Z1, ..., Z,) of objects of V. A map is
a sequence of maps of V' — there are no maps between sequences of objects of different
lengths. The unit ny : V—MV of the 2-monad M is the inclusion of sequences of length 1.
The multiplication py : M2V —+MYV is given by concatenation. A laz monoidal category
is a lax algebra for the 2-monad M, and a multitensor on a category V is by definition a
lax monoidal structure on V.

Explicitly a multitensor on a category V' consists of a functor £ : MV —V | and maps

uZZ—>E(Z) O-Zij:]::,)};:,)Zij%g}Zij
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for all Z, Z;; from V' which are natural in their arguments, and such that

ul ok Eu
EZ —~E EZ @@gzijk—@ggzw EEZ ~EZ

E Zz E E Zijk T‘ E Zz'jk E Zl
% i jk ijk i

in V. As in [5] the expressions

E(X:,..X,) E X, EX,

1<i<n i

are alternative notation for the n-ary tensor product of the objects Xi,..., X,,, and we
refer to the endofunctor of V' obtained by observing the effect of £ on singleton sequences
as E;. The data (E,u,0) is called a multitensor on V, and u and o are referred to as the
unit and substitution of the multitensor respectively.
Given a multitensor (E,u,0) on V| an E-category consists of X € GV together with
maps
K, ]?X(a:i,l, x;) — X(xo, )

for all n € N and sequences (z, ..., x,) of objects of X, such that

X (zg, 1) = E1 X (20, 1) ];?X@(ij)—la Ti5) —U>E;X<x(ij)—1a ;)

N | n

I?X(x(u)—l; Tin;) —> X (0, Tom,, )

commute, where 1<i<m, 1<j<n; and 2 (;1)-1=%¢. Since a choice of ¢ and j references an
element of the ordinal n,, the predecessor (ij)—1 of the pair (i) is well-defined when i
and j are not both 1. With the obvious notion of E-functor (see [5]), one has a category
E-Cat of E-categories and E-functors together with a forgetful functor

UE . E-Cat — GV.
A multitensor (E,u,0) is distributive when for all n the functor
Ve -V (X1, .., X)) = E(Xy, ..., Xp)

preserves coproducts in each variable.
Multitensors generalise non-symmetric operads. For given a non-symmetric operad

(Ap :neN) u:l—-A 0:4®A,Q..0A4, — A.
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in a braided monoidal category V', one can define a multitensor £ on V' via the formula

1<i<n

as observed in [5] example(2.6), and when the tensor product for V' is distributive, so is E.
A category enriched in E with one object is precisely an A-algebra in the usual sense. In
the case where V' is Set with tensor product given by cartesian product, this construction
is part of an equivalence between the evident category of distributive multitensors on Set
and that of non-symmetric operads in Set. This equivalence is easily established using
the fact that every set is a coproduct of singletons.

3.2. MONADS FROM MULTITENSORS. Let (E,u,0) be a distributive multitensor on a
category V with coproducts. Then we define a monad I'E on the category GV of graphs
enriched in V as follows. We ask that the monad I'E' actually live over Set, that is to
say, in the 2-category CAT/Set. Thus for X € GV, I'E(X) has the same objects as X.
The homs of 'E(X) are defined by the equation

TE(X)(a,b)= ][] EX(2i-1,1:) (1)

a=x0,...,tn=b

for all a,b € Xy. The above coproduct is taken over all finite sequences of objects of X
starting at a and finishing at b. Let us write kg x (5,), for a given coproduct inclusion
for the above sum. Since the monad we are defining is over Set, the object maps of the
components of the unit  and multiplication p are identities, and so it suffices to define
their hom maps. For the unit these are the composites

UX (a,b) kg X,a,b

X(a,b) —= E1 X (a,b) —=TE(X)(a,b).

In order to define the multiplication, observe that the composites
Ek
B ]?X(fz'j—h Tij) *» E PE(X)(zi-1,2:) = (T E)2(X)(a, b)

ranging of all doubly-nested sequences (z;;);; of objects of X starting from a and finishing
at b, exhibit the hom (I'E)?(X)(a, b) as a coproduct, since E preserves coproducts in each

variable. Let us write kg)x (w5) for such a coproduct inclusion. We can now define the

ij
hom map of the components of the multiplication y as unique such that

]?I;jX(xij_l, Tij) _0>51X($¢j—1, Tij)

ko) lk

(PE)*(X)(a,b) 5 TE(X)(a,0)

commutes for all doubly-nested sequences (z;;);; starting at a and finishing at b.



17

3.2.1. PROPOSITION. Let V' be a category with coproducts and (E,u,oc) be a distributive
multitensor on V. Then (UE,n, p) as defined above is a monad on GV and one has an
isomorphism E-Cat = (GV)'F commuting with the forgetful functors into GV .

PRrOOF. Since (I'E,n, 1) are defined over Set it suffices to check the monad axioms on
the homs. For the unit laws we must verify the commutativity of

PE(X)(a,b) =2 (TE)2(X)(a,b)  (TE)2(X)(a,b) =T E(X)(a,b)

\l“ “l/

I'E(X)(a,b) I'E(X)(a,b)

and precomposing each of these by each of the injections kg x (»,), gives the unit laws
for the multitensor £. Given a triply-nested sequence of objects of X starting at a and
finishing at b, let us denote by kS)X( i the composite

Tijk)ij

Ek®
EEEX (2ijn-1, 2ijk) *s BTE)(X) (w11, 75) £ (PE)3(X)(a, )
and note that since E is distributive, the family of maps so determined exhibits the hom
(TE)3(X)(a,b) as a coproduct. The associative law on the homs then follows because
precomposing the diagrams that express it with such coproduct injections gives back the
associativity diagrams for the multitensor E. Thus (I'E,n, u) is indeed a monad on GV'.
For X € GV a morphism a : 'E(X) — X may be identified, by precomposing
with the appropriate coproduct inclusions, with morphisms ];ZX (xio1, ) — X(zo,xy)

for all sequences (xg,...x,) of objects of X, and under this identification the unit and
associative laws for a I'E-algebra correspond exactly to those for an E-category. To say
that f : X — Y in GV underlies a given morphism (X,a) — (Y,b) of I"E-algebras is
clearly equivalent to saying that f underlies an F-functor. Thus one has the required
canonical isomorphism over GV'. n

3.2.2. EXAMPLE. In the case where V is Set and F is cartesian product, I'E is the
monad for categories on Gph. The summand of equation(1) corresponding to a given
sequence (zo, ..., T,) is the set of paths in X of length n, starting at a = xy and finishing
at b = x,, which visits successively the intermediate vertices (x1, ..., Z,,_1).

3.2.3. REMARK. Given a monad T on GV over Set, and a set Z, one obtains by restriction
a monad 7’7 on the category GV of V-graphs with fixed object set Z. Let us write I'°'¢ for
the functor labelled as I' in [5]. Then for a given distributive multitensor F, our present
I' and I'°!¥ are related by the formula

[4(E) =T(E),

where the 1 on the right hand side of this equation indicates a singleton. In other words
in this paper we are describing the “many-objects version” of the theory presented in [5]
section(4).
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3.3. PROPERTIES OF I'E. For a functor
F:A x..xA,—B

of n variables, the preservation by F' of a given connected limit or colimit implies that
this limit or colimit is preserved in each variable separately. To see this one considers
diagrams which are constant in all but the variable of interest, and use the fact that the
limit /colimit of a connected diagram constant at an object X, is X, as witnessed by a
universal cone/cocone all of whose components are 1x.

However the converse of this is false in general. For instance to say that F' preserves
pullbacks is to say that it does so in each variable, and moreover, that all squares of the
form

(19"'71’]‘.717"'?1)
(Gl, i1, Ay ey Ay Ajqqeeny Gn) —— (al, ey, bi7 vy Gy Ajgq ey CLn)

(]-7"'717.9717"'71)\1/ l(17~-'7179717"'71)

(al,...ai_l,bi,...,bj,aj+1...,an) (2)

(Cll, i1y Ay enny bj, Ajq1-.-, an) oLl
are sent to pullbacks in B, where 1 < ¢ < j <mn, f:a — by and g : a;j — b;. That
this extra condition follows from F' preserving all pullbacks follows since these squares are
obviously pullbacks in A; X ... X A,. Conversely note that any general map (fi, ..., fn) :
(a1, ..., a,) = (by,...,b,) in Ay X ... X A, can be factored in the following manner

(17f27"'71) (17"'717fn)

(f1,1,...,1)
) ———=( (b1, ..y by)

(ay,...,an bi,as, ..., ap,)

and doing so to each of the maps in a general pullback in A; x ... X A,,, produces an n X n
lattice diagram in which each inner square is either of the form (2), or a pullback in a
single variable.

An important case where such distinctions can be ignored is with A-filtered colimits for
some regular cardinal A. For suppose that F' preserves M\-filtered colimits in each variable.
By [2] corollary(1.7) it suffices to show that F' preserves colimits of chains of length A.
Given such a chain

X:)\—>A1 X ... XAn i'_><Xila---7Xin)
with object map denoted on the right, one obtains the functor
X' A" — Al X ... X An (7:1, ,’Ln) — (Xi117 7inn)

which one may readily verify has the same colimit as X. But the colimit of X’ may be
taken one variable at a time and so

colim(X) = colim colim ... colim(Xj, 1, ..., X;,»)
i1 io in
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from which it follows that F' preserves colim(X). We say that a multitensor (F,u, o) is
A-accessible when the functor £ : MV — V preserves M-filtered colimits, which is clearly
equivalent to the condition that each of the associated n-ary functors £, : V" — V does
so, which as we have seen, is equivalent to the condition that each of the E,’s preserve
Mfiltered colimits in each variable.

Cartesian monads play a fundamental role in higher category theory [22]. Recall
that a monad (7T,7n,u) on a category V with pullbacks is said to be cartesian when
T preserves pullbacks, and 7 and p are cartesian transformations (meaning that their
naturality squares are pullbacks). Similarly one has the notion of a cartesian multitensor,
with a multitensor (E,u, o) on a category V with pullbacks being cartesian when E
preserves pullbacks, and u and o are cartesian transformations.

Recall that a functor F': V — W is a local right adjoint (local right adjoint) when for
all X € V the induced functor

Fx:V/X > V/FX

between slice categories is a right adjoint. When V has a terminal object 1, it suffices
for local right adjoint-ness that F; be a right adjoint. Recall moreover that local right
adjoint functors preserve all connected limits, and thus in particular pullbacks. A monad
(T',n, 1) on a category V is local right adjoint (as a monad) when 7 is local right adjoint
as a functor and n and p are cartesian. Thus this is a slightly stronger condition on a
monad than being cartesian. Local right adjoint monads, especially defined on presheaf
categories, are fundamental to higher category theory. Indeed a deeper understanding
of such monads is the key to understanding the relationship between the operadic and
homotopical approaches to the subject [27]. Similarly one has the notion of an local
right adjoint multitensor, with a multitensor (E,u, o) on a category V being local right
adjoint when the functor £ : MV — V is local right adjoint, and v and o are cartesian
transformations.

For a functor F': [],.,V; — W to be local right adjoint is equivalent to each of the
induced F; : V; — W being local right adjoint, because for X € V;, Fy = (F;)x. Thus
the condition that £ : MV — V be local right adjoint is equivalent to the condition that
each of the E,,’s is local right adjoint. The condition that a functor F': Vi x ... xV,, = W
to be local right adjoint is equivalent to the condition that it be local right adjoint in each
variable, and moreover that it send the basic pullbacks (2) in Vj x ... x V}, to pullbacks in
W. For suppose F'is local right adjoint. Then since it preserves all pullbacks it preserves
those of the form (2). Moreover for 1 < i < n the functor

F(Xl, --'7Xi—17 _7Xi+1; ,Xn)XZ : V;/XZ — W/F(Xl, 7Xn)
can be written as the composite

Fxy,.. xp

Vi/ X

Vi/ Xy x ... xV,/X,

W/F (X, ..., X»)

in which the first functor has object map f — F(1x,,...,1x, ., f, 1x,,,, -, 1x,). Since for
all 2 both these functors are clearly right adjoints, F is local right adjoint in each variable.
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Conversely, supposing F' to be local right adjoint in each variable and preserving the
pullbacks (2), F’s effect on the slice over (X1, ..., X,,) is isomorphic to the composite

[L F(X1,Xio1,—, X415, X0) X,

Hi V/Xi

and both these functors are clearly right adjoints. Thus the condition that £ : MV — V
be local right adjoint is equivalent to the condition that each FE, is local right adjoint in
each variable and preserve the pullbacks of the form (2).

The following result expresses how the assignment F +— ['E is compatible with the
various categorical properties we have been discussing.

(W/F(Xy,.., X)) —=W/F(X1, .., X,)

3.3.1. THEOREM. Let V' be a category with coproducts and (E,u,c) be a distributive
multitensor on V, and let ('E,n, ) be the corresponding monad on GV. Let \ be a
reqular cardinal.

1. T'E preserves coproducts.
2. Suppose V' has A-filtered colimits. Then E is X-accessible iff T'E is.

3. Suppose V' has pullbacks and every object of V' is a coproduct of connected objects.
Then (E,u,0) is a cartesian multitensor iff (IE,n, 1) is a cartesian monad.

4. Suppose V' is locally A-c-presentable. Then (E,u, o) is an local right adjoint multi-
tensor iff (TE,n, 1) is an local right adjoint monad.

The proof of this result will occupy the remainder of section(3).

3.4. COPRODUCTS AND FILTERED COLIMITS. In lemma(3.4.1) below we formulate the
preservation by I'E of a given colimit in terms of the underlying multitensor E. We
require some further notation. For a functor f : J — Set and n € N we denote by
f*™:J — Set the functor with object map j — f(j)", and if x; : fj — K form a colimit
cocone, then we denote by k" : fS" — K" the evident induced functor. We have been
using this notation already, for instance in proposition(2.2.3), in the case n = 2.

3.4.1. LEMMA. Let J be a small category, F : J — GV and V has sufficient colimits
so that the colimit K of F' may be constructed as in the discussion preceeding proposi-
tion(2.2.3). Let ko : F(j)o = Ko be a colimit cocone in Set at the level of objects, and
fora,b e K let

R P (0 B) = K (a,)

be the colimit cocone in V, where (j,a, ) € (ki) (a,b). If for all sequences (g, ..., T,,)
of objects of K, the morphisms

]?va’}’ifl,% : ]?F(j)(%fh%) — ];K(Ii,l,l'i)

ranging over (J,%o,--Vn) € (ko) (To, ..., ) form a colimit cocone in V, then TE
preserves the colimit of F.
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PRrROOF. The obstruction map k measuring whether I'E preserves the colimit K is bijective
on objects since I'E is over Set. By definition of I'E and the construction of colimits in

GV one has

7157055 T
a=x0,...,tn=b

(colimre(r) ) @0 = [T colim EFG)ow1)

where in the summand (J,7o, ..., %) € (kge') (20, ., n). Thus if the obstruction maps
measuring whether the Ex; ., | -, are colimit cocones are invertible, then the hom maps
3

of k are invertible, and so k is also fully faithful. [

In order to understand how the preservation by E of M-filtered colimits gives rise to
the same property for I'E, we require

3.4.2. LEMMA. Let J be a filtered category, F : J — Set and k; : F(j) = K be a colimit
cocone. Then forn >0 and 1 < i < n the functor

xXn

pr; : (Fé. )_1(%7 ,xn) — (“.XQ)_l(xz‘—hﬂCi) (L 70, --w%) = (j? %’—17%‘)
1s final.
Xn

PROOF. For a given (j,, ) € (k™)' (x;_1, ;) we must show that the comma category
(7,a, B)/pr; is connected. Explicitly the objects of this comma category consist of the
data

fri—=7 (4705 -+ Tn)
where v; € Fj, F(f)(a) = vi—1 and F(f)(f8) = 7. A morphism

(f?j,7707 a’Y’n) — (f/’j”77(,)a 77;)

isamap g:j — j”in J such that gf = f" and F(g)(y) =, for 1 <k <n.

For k ¢ {i — 1,i} one can find (j,vx) where ji, € J, 7 € F(jix) and k;, () = %
since the cocone k is jointly epic. By the filteredness of J one has maps § : j — j’ and
Ok : jr — j', and thus (6, &g, ..., &,) with ;01 = F(d)(«), &; = F(6)(B) and e = F(J)(x)
for k ¢ {i — 1,i}, exhibits (4, o, 8)/pr; as non-empty.

Note that if y,z € F'j satisfy x;(z) = k;(y), then since K may be identified as the
connected components of F,, there is an undirected path

(jv I’) — (j1,21) e (]nazn) — (]7 y)

in F,. Consider the underlying diagram in J with endpoints (ie the two instances of j)
identified. Using the filteredness of J one has a cocone for this diagram, and we write j’
for the vertex of this cocone. Thus we have f : j — j' such that F(f)(y) = F(f)(2).

Now let (f, 7,70, -, ) and (f’, 3", 74, -.-,7L) be any two objects of (j, a, 8)/pr;. First
we use the filteredness of J to produce a commutative square

j—=J

A

v/
— 0
J g U1
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whose diagonal we denote as d;. Note that by definition F'(hy)(yi—1) = F(d1)(a) =
F(q1)(vi_y) and F(hy)(v;) = F(d1)(8) = F(g1)(7}), but we have no reason to suppose
that F'(h1)(y) = F(g1)(7;) for k ¢ {i — 1,i}. However F(hy)(v) and F(g1)(yx) are by
definition identified by x,,. Choosing one value of k and using the observation of the
previous paragraph, we can find r; : v; — vy such that F(hs)(v) = F(g2)(7;) where
ho = r1hy and go = r1g1. Do the same successively for all other k& ¢ {i — 1,4}, so that in
the end one has h : 7 — v and ¢ : j” — v such that hf = gf’ whose common value we
denote as d, and F(h)(yx) = F(g)(;) for all 1 < k < n. Denote by ¢, € F(v) for the
common value of F(h)(vx) = F(g)(7;). Thus one has

(f?j,7707 7771) _h) (d7U7¢17 7wk) 'L (f/7j”77(,)7 77%)

in (j,«, 8)/pr;. Thus (4, «, 5)/pr; is indeed connected. m
With these preliminary results in hand we can now proceed to

PROOF. (of theorem(5.5.1)(1) and (2))

(1): Let J be small and discrete and F' : J — GV. In the situation of lemma(3.4.1) with
a given sequence (o, ..., ,) from Kj, if that sequence contains elements from different
F(j)’s then the category (rge") (2o, ..., z,) will be empty, but by distributivity in this
case EZ)K (x;—1,2;) will also be initial. On the other hand when the z; all come from the

same F'(j), one has
(rga") (@0, ) = T w50 (x2)
1<i<n

and then the universality of the cocone Ex;., , ., follows again from the distributivity of
(2

E.

(2): Suppose E is A-accessible. Let J be AMfiltered, F' : J — GV and (xy,...,x,) be
a sequence from Ky, where as in lemma(3.4.1), K is the colimit of F. Then one has a
functor

(l{g.”)*l(xo, ceey fL’n) — yn (]7 Y05 -+ /Vn) — (F(])('Y%—la ’Yi))lgign
and we claim that
("i]’:%fh%' : F@)(%’fla%) — K(xi,l,xi) 1< < n)

is a colimit cocone in V" for this functor. In the i-th variable &, | -, is a cocone for the
composite functor

v

_ pr; _
(/{6:“) 1(1‘07 ey :L‘n) — (/15.2) 1(1‘171, Z‘Z>

in which the second leg has colimit cocone given by the components «;., , -,. Since pr; is
final by lemma(3.4.2), the cocone (kj~, ,~ : 1 <i<n)isindeed universal as claimed.
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Now the category (F,") comes with a discrete opfibration into J, and so its connected
components are A-filtered. But since A-filtered colimits commute with finite products in
Set, these connected components are exactly the fibres of (kg,"), and so for each sequence
(Z0y -y Tn), (K)o, ..., 2) is Afiltered. Thus by lemma(3.4.1) T'E is A-accessible.

Conversely suppose that I'E is A-accessible. For F': J — V with J where is A-filtered,
with colimit cocone k; : F'j — K we must show that the induced cocone

E(Xl, ...,Xi_l,Fj, Xi+1, Xn) — E(Xl, ...,Xl'_l,K, Xi+17 Xn) (3)

is universal, for all N € N, 1 <¢<nand X,..., X; 1, Xi11,...X,, € V. By remark(2.2.5)
the cocone

(X17 ceny X’i*h F], X’i+17 Xn) — (X17 ceny X’i*h K, XiJrl, Xn) (4)

in GV is universal, and moreover that for any sequence (Y7,...,Y,) of objects of V' and
1 <a,b < n one has

TE(Y:,....Y,)(0,n) = 1T E((Y, o, Yo) @izt 21))

~ Ry,

by the distributivity of £. Thus applying ['E' to the cocone (4) and looking at the hom
between 0 and n gives the cocone (3), and so by remark(2.2.5), the result follows. n

3.5. CARTESIANNESS OF I'E. Let V be a category with coproducts and pullbacks, in
which every object is a coproduct of connected objects, and suppose that (F,u,0) is a
cartesian multitensor. We will now show that (I'E, 7, u) is a cartesian monad. Note that
by lemma(A.1.3) such a V' is in fact extensive.

3.5.1. LEMMA. Let V be a category with coproducts and pullbacks in which every object
18 a coproduct of connected objects. Suppose that we are given square

1. B

e

bS]
-

g

N

- C
in V' which admits a description as on the left in

I Py @y ]I B,

v qij
(i,5)€L jeJ L =J P(iu‘) —J>Bj
(wis)is | ens ’fl Wl el o
IT A II C 1 5 K A; — Cpizrj

i€l (fi): keK



24

in which the indexing sets of the coproduct decompositions fit into a pullback square as
shown in the middle, with elements of L represented explicitly as pairs (i,7) such that
o(i) = (). Suppose moreover that for all such (i,7) the squares as indicated on the right
in the previous display are pullbacks. Then it follows that the original square is itself a
pullback.

ProOF. To see this is a pullback it suffices just for connected X, h : X — A and
k: X — B with fh = gk, that there is a unique filler d : X — P such that pd = h and
qd = k, since every object of V is a coproduct of connected ones. But then using the
connectedness one can factor h and k through unique summands say ¢ € [ and j € J
related by ¢(i) = v(j), and so use the defining pullback of P,; to induce the desired unique
d. m

One application of lemma(3.5.1) is the componentwise construction of pullbacks in
such a V. For given a cospan

A . c<1-p
in V', one can compute its pullback one component at a time by decomposing A, B and
C into coproducts of connected objects, then pulling back the indexing sets, then taking
the pullbacks componentwise, and finally re-amalgamating (by taking coproducts). Note

however that the summands Pj; of the pullback so obtained are not neccessarily themselves
connected. We are now ready to exhibit

PROOF. (of theorem(3.5.1)(3))
Let (F,u,0) a cartesian multitensor on V' a category with coproducts and pullbacks
in which every object decomposes as sum of connected ones. Let P be the pullback

q
P—Y
p pb g

X—f>Z

in GV and denote by d : P — Z the diagonal. Then I'E(P) is certainly a pullback at the
level of object sets, since I'E is over Set. So it suffices, by the construction of pullbacks
in GV, to check that for each w,w’ € P, the corresponding hom square of ['E(P) is a
pullback in V. This hom square is a square in V' of the form

I I?P(wi—hwz’) I1 EY (yi-1,v:)

W=W0, ..., W =W qU=YQ,...;Yn=qu’

l l

I1 EX(ziy,2) I1 EZ(zi-1, 2)

PW=T(,...,Ln=pw’ * dw=zq,...,z2n=dw’ *

and the induced square at the level of summand indexing sets is a pullback since Py is
a pullback in Set. For each sequence (wy, ...,w,) in Py from w to w’, the corresponding
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component is

]?Qwiil,wi

]?P(wi—l,wi) ]?Y(qwi—hqwi)
]?pwiflvwi\ll \Ll?ngiflvqwi

E Z(dwi_l, dwl)

(]

]:.JX(pwz‘—wai)

2 Jpwi_1,pw;

which is a pullback since P is. Thus by lemma(3.5.1) I'E(P) is a pullback.

We must show that for f : X — Y in GV the corresponding naturality squares of 7
and p are cartesian. Since they are over Set this is clearly so at the level of objects. The
hom at (a, b) of the naturality of square of  has underlying square of summand indexing
sets given by

1%{(960,...,:1:”) : neN, zg=a, r, =b}

l lapply fo

1W{(y07'“7yn> : neN, y = fa, y, = fb}
and the components are naturality squares for u. Thus by lemma(3.5.1) 1 is cartesian.
Note that using the distributivity of E one has a canonical isomorphism

(TE?*(X)(a,0) = ] BEX (i1, 7)

(@i5)i

where the coproduct is taken over the set of composable doubly-indexed sequences starting
at a and finishing at b. Unpacking in these terms one can see that in the case of ’s hom
naturality square, the underlying square of summand indexing sets is

concatenate { (

{(xij)ij : o =a, x, =b} Zoy .y Ty) N EN, g =a, x, =0b}

apply fol lapply fo

{(Wij)is = o= fa, yn = [0} srmom (o, - yn) + mEN, yo = fa, y, = fb}
in which concatenation is that of composable sequences, that is, one identifies the last
point of the i-th subsequence with the first point of the (i + 1)-th, which by definition of
“composable doubly-indexed sequence” are equal as elements of X or Y. This square is
easily seen to be a pullback. The components of ’s hom naturality square are naturality
squares for o. Thus by lemma(3.5.1) u is cartesian.

Conversely suppose that (I',n, 1) is a cartesian monad. Then by the same argument
as for the converse direction of (2), except with pullbacks in place of A-filtered colimits,
one may conclude that E preserves pullbacks. Note that for X € V the hom between 0
and 1 of the naturality component of 7x) is, modulo the canonical isomorphism E; X =
I'E(X)(0,1), just £1X, and so u’s cartesianness follows from that of n by remark(2.2.5).
Suppose that (X7, ..., X,) is a sequence of objects of V. Denote by sd(X;); the set of
subdivisions of (X;); into a sequence of sequences. A typical element is a sequence of
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sequences (X;;) where 1 < i < k, 1 < j < n; and ny + ...ny = n, such that sequence
obtained by concatenation is (X, ..., X;,). Then modulo the canonical isomorphism

CEP (X1, ... Xa) =[] BEX;

the hom of the naturality component of p(x,

,,,,,

(ox,): [] EE X = EX,

J

and thus by remark(2.2.5), these maps are cartesian natural in the X;. By lemma(A.1.3)
V' is extensive, and so the oy, are cartesian natural in the X;; as required. [

3.6. LOCAL RIGHT ADJOINTNESS. We now proceed to the task of proving that the con-
struction I' is compatible with local right adjoint-ness. For this we first require two
lemmas. We assume familiarity with the notion of “generic morphism” and the alter-
native formulation of local right adjoint-ness in terms of generics as described in [27]
proposition(2.6).

3.6.1. LEMMA. Let R : V=W be a functor, V be cocomplete, U be a small dense full
subcategory of W, and L : U=V be a partial left adjoint to R, that is to say, one has
isomorphisms W (S, RX) =2 V(LS, X) natural in S € U and X € V. Defining L : W—V
as the left kan extension of L along the inclusion I : U—W , one has L - R.

PROOF. Denoting by p : I /Y —U the canonical forgetful functor for Y € W and recalling
that LY = colim(Lp), one obtains the desired natural isomorphism as follows
V(LY,X) = [I/Y,V](Lp,const(X))

~ limyer/y V(L(dom(f)), X)
>~ Tim; W (dom(f), RX)

B(Y, RX)

11

forall X € V. m

3.6.2. LEMMA. Let T : V—=W be a functor, V be cocomplete and W have a small dense
subcategory U. Then T is a local right adjoint iff every f : S—=TX with S € U admits
a generic factorisation. If in addition V' has a terminal object denoted 1, then generic
factorisations in the case X =1 suffice.

PROOF. For the first statement (=) is true by definition so it suffices to prove the converse.
The given generic factorisations provide a partial left adjoint L : I/TX—V to Tx :
V/X—W/TX where I is the inclusion of U. Now I/TX is a small dense subcategory
of W/TX, and so by the previous lemma L extends to a genuine left adjoint to Tx. In
the case where V' has 1 one requires only generic factorisations in the case X =1 by the
results of [27] section(2). =
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The analogous result for presheaf categories, with the representables forming the chosen
small dense subcategory, was discussed in [27] section(2). With these results in hand we
may now exhibit the

PROOF. (of theorem(5.5.1)(4))

The aspects of this result involving the cartesianness of the units, multiplication and
substitution are covered already by (3). Suppose that E is local right adjoint. Let D
be a small dense subcategory of V' consisting of A-presentable connected objects. By
lemma(3.6.2) and lemma(2.2.6) it suffices to exhibit generic factorisations of maps

f:8—>TEL

where S is either 0 or (D) for some D € D. In the case where S is 0 the first arrow in the
composite

0 reo0 2L rEl

is generic because 0 is the initial V-graph with one object (and ¢ here is the unique map).
In the case where S = (D), to give f is to give a map f' : D—E,1 in V since D is
connected. Since E is a local right adjoint, F,, is too and so one can generically factor f’

to obtain
9y

D

EZ —~E,1

(2

from which we obtain the generic factorisation

9f

(D)—L-TEZ 2L TE1
where Z = (Z,, ..., Z,), the object map of gy is given by 0 — 0 and 1 — n, and the hom
map of gy is g} composed with the coproduct inclusion.

Conversely suppose that T'E is local right adjoint. It suffices by lemma(3.6.2) to exhibit
a generic factorisation for maps of the form on the left in

Y = B(Xy, .. X,) oY) > TEXy, ..., X,)

where Y is connected. Such an f determines f’ as in the previous display unique with
object map (0, 1) — (0,n) and hom map between 0 and 1 given by f, modulo the canonical
isomorphism F (X7, ..., X,,) 2 TE(X},..., X,,)(0,n) that we described already in the proof

of (2).

Counsider a factorisation

(V) —~TEZ —=>TE(Xy, .., X,)

of f’. The object map of h partitions the objects of Z into n+1 subsets Z(g), ..., Z(). The
strict initiality of () and the definition of (X3,..., X,) € GV ensures that the only homs
of Z that are possibly non-initial, are those between a and b living in consecutive cells of
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this partition. Thus in addition to this partition A amounts to maps hey : Z(a,b) = X;
for all a € Z;_1) and b € Z;. The connectedness of Y ensures that the hom map of
g between 0 and 1 factors through a unique summand of the appropriate hom of I'EZ.
Thus the data of g comes down to: 1 <4 < j < n, ¢, € Zy fori <r < j and a map
Goa:Y — i<];]<j Z(¢p—1,¢). Consider the canonical inclusion

¢: (Z(ci cin), s Z(¢jm1,65)) = Z

and note that by the above description one may factor g as

(Y) s FE(Z(Cu Ci-i—l)v XX Z(cj—17 Cj)) IEFEZ

If g were in fact generic then ¢ would have a section and thus be an isomorphism. It
follows that any generic factorisation of f’ is necessarily of the form

(V) 2= TE(X], .., X}) —otele)

I'E(Xy, ..., X,)

for h; : X! — X, in V. Moreover it is easily shown that the hom of this factorisation
between 0 and 1 gives a generic factorisation for the original map f, thereby exhibiting
E' as local right adjoint. ]

4. Constructing a multitensor from a path-like monad

The passage (V, E) — (GV,'E) that we studied in the previous section is really the object
map of a 2-functor
I : DISTMULT — MND(CAT/Set).

In fact there are two (dual) ways of exhibiting I' as being 2-functorial. It is these 2-
functors that are the principal objects of study in this section. The 2-functoriality is
given in section(4.3). In theorem(4.2.4) we characterise monads of the form I'E, and
propositions(4.4.1) and (4.4.2) essentially characterise the the images of the one and 2-
cell maps of I'. Finally in section(4.5) we witness the compatibility of I" with cartesian
transformations, which will lead in section(6.1), to an understanding of the relation be-
tween multitensors and operads.

4.1. CONSTRUCTING A MULTITENSOR FROM A MONAD. For a category V a monad
(T',n, ) over Set on GV is a monad on

(-)0 : QV — Set

in the 2-category CAT/Set. Thus as explained in section(3.2), the functor 7" doesn’t
affect the object sets and similarly for maps, and moreover the components of n and p are
identities on objects. Recall from section(2.1) that if V' has an initial object then one can
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regard any sequence of objects (Z1, ..., Z,) of V as a V-graph. This is clearly functorial
in the Z;. Moreover for 1 < a < b < n one has subsequence inclusions

(Zayoes Z) = (21, oy Z)

defined in the obvious way, with the object map preserving successor and 0 +— (a — 1),
and the hom maps being identities. This enables us to construct a multitensor on V' from
T, essentially by applying 7" to sequences and looking at the homs.
Explicitly one defines this associated multitensor (7,7, 1z) as follows. The n-ary tensor
product is defined by
T(Zy, ... Zy) =T(Zy, ..., Z,)(0,n).

Recall that for Z € V, (Z) is the V-graph with object set {0,1}, hom between 0 and
1 equal to Z, and other homs initial. The unit 7, : Z — T,Z is the hom map of 0(z)
between 0 and 1. In order to define the substitution, note that given objects Z;; of V/
where 1 <i¢ < k and 1 < 75 < n;, one has a map

Ty - ( T le, ceey T ij) — T(le, ...... , ank)

< <ng 1<j<ny

given on objects by 0 — 0 and i — (i,n;) for 1 < i < k. The hom map between (7 — 1)
and ¢ is the hom map of

TSi : T<Z7L17 ceey sz) — T(le, 7ank)

between 0 and n;, where s; is the i-th subsequence inclusion. The component Az, is
defined to be the hom map of o T'(7z,;) between 0 and k.

In order to understand why (7,7, %) form a multitensor, it is worthwhile to take a
more conceptual approach. This begins with the observation that a sequence (71, ..., Z,)
of objects of V' may be viewed as a cospan

0—2— (X1, ..., Xp) ~——0

in GV in which b picks out the “bottom” object 0 and t picks out the “top” object n.
Moreover pushout composition

(}/17 7Ym) (Zb 7Zn)

)/17 "‘7Ym) Zl» st Zn)

of such cospans in GV corresponds, as shown, to concatenation of sequences. These
pushouts are special in that they only require an initial object in V' for their construction.
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Pushout composition in GV of general cospans of the form
0—X~=—0

require coproducts in V for their construction. Note that such cospans are, as already
pointed out in section(2.1), nothing more than bipointed V-graphs. Thus when V' has
coproducts, pushout composition of cospans endows the category G(ty)X? of bipointed
V-graphs with a monoidal structure whose tensor product we denote as “x”. Moreover
given a monad (7,71, ) on GV over Set, one obtains a monoidal monad (7,7, tte) On

G(ty) X% The underlying endofunctor
To: G(ty)X? — G(ty) 22 (X,a,b) — (TX,a,b)

as object map as described in the previous display. In terms of cospans, this is just the
application of T to cospans plus composition with the unique identity-on-objects 0 — 70
in order to get an endocospan of 0. The monoidal functor coherences for 7T, are the maps
that give the obstruction to 7" preserving the pushouts involved. The data (7., tte) are
defined in the evident way from (7, p).

The assignation of a cospan/bipointed V-graph from a sequence may done in two steps

(Z1, .y Zn) € MV — (((Z1),0,1),...,((Z,),0,1)) — ((Z1, ..., Zn),0,n)
and so is the object map of the composite

MLy

MV ——= MG(tv)* —=G(tv)*.

Thus one can view the functor T : MV — V in more conceptual terms as the composite

MV 255 MG(ty) 32 == G(ty) 12— Gty )2 — V.

Observe that (T, 7, te) is a monoidal monad and Ly - ey. Moreover in general one has

4.1.1. LEMMA.

1. Let (E,u,0) be a multitensor on V and (T,n, ) be a monoidal monad on (V, E)
with monoidal functor coherences for T' written as

Then (F,u',c') defines another multitensor on V. where F X, = TEX;, uy =

e, xUx and o' is the composite

TETE TrE_T?2EE__r _TE.
i 7 i3] i
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2. Let (E,u,0) be a multitensor on V- and L 4 R : V — W with unit n and counit ¢.
Then (F,u',c") defines multitensor on W where F X; = RE LX;, v = (RuM)n and

o' is the composite

REcEL
i

RELREL REEL__ReL__REL
7 J 1] )

whose proof is an easy exercise in the definitions involved. Starting with the monoidal
structure * on G(ty) 2, apply (1) to obtain the multitensor T,* on G(t)X?, and then
apply (2) to this using the adjunction Ly = ey. It is straight forward to verify directly
that the unit and substitution of the resulting multitensor coincides with (7, z) as defined

above. Thus we have

4.1.2. PROPOSITION. Let V' be a category with coproducts and (T,n, 1) be a monad on
GV over Set. Then (T,7, 1) defines a multitensor on V.

4.1.3. REMARK. Note that the multitensor (7,7, 1) played an implicit role the proofs of
the converse implications of theorem(3.3.1)(2)-(4). The reason for this is that one has a
canonical isomorphism F = I'E of multitensors. The isomorphism at the level of functors
MV — V was described in the proof of theorem(3.3.1)(2), and the reader will easily verify
the compatibility of this isomorphism with the unit and substitution maps.

4.2. CHARACTERISATION OF MONADS COMING FROM MULTITENSORS. In this section
we characterise the monads of the form (GV,T'E) as those monads 7" on GV over Set
which are distributive and path-like in the sense to be defined below.

Let us consider first the basic example in which T' is the monad on Gph = GSet
whose algebras are categories. For any graph X and a,b € Xy, TX (a,b) is by definition
the set of paths in X from a to b. Each such path determines a sequence = = (zy, ..., ;)
of objects of X such that xo = a and x,, = b, by reading off the objects of X as they are
visited by the given path. The set of all paths visiting exactly these objects of X is the
product [, X(z;_1,x;) and by definition one has

Zf[lX(a?zl,l’z) = T(X(zg,21), X(x1,22)..., X (Xp_1,2,))(0,n)
: = TX(%—l,ﬁi)-

Recall,
(X (w0, 21), X (21, 22) . X(Tp—1, 7))

is the graph with set of objects {0, ...,n}, whose hom from (i—1) to i is X (z;_1,x;), and
whose other homs are empty. Thus one can express the general hom 7'X (a, b) in terms of
those of the form

T(X (o, 1), X(x1,22)..., X (xp_1,2,))(0,n).
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More precisely one has a canonical bijection

[I 7T(X(xo,21), X(21,22).... X (21, 2,))(0,n) = TX(a,b)

a=x0,...,tn=b

which we shall now express more generally.
Let V be a category with coproducts. Given a V-graph X and sequence z = (x, ..., )
of objects of X, one can define the morphism of V-graphs

T (X(wo, 1), X (21, 22), o0y X(p1,2,)) = X

whose object map is i — x;, and whose hom map between (i — 1) and ¢ is the identity.
For all such sequences x one has

T(E)O,n : TX(:Ci,l, x,) — TX(LL’(), ZL’n)

in V, and so taking all sequences z starting at a and finishing at b one induces the
canonical map
TX,ab - H TX(xi_l, l’l) — TX(CL, b)

a=xQ,...,tn=b

4.2.1. DEFINITION. Let V be a category with coproducts and (T,n, i) be a monad on GV
over Set. Then T is said to be path-like when for all X € GV and a,b € Xy, the maps
TX,ap GT€ 1S0morphisms.

Clearly by definition, the category monad on GSet is path-like. Intuitively, the path-
likeness of a general T" is saying that the homs 7'X (a, b) are to be thought of as abstract
path objects of a certain type.

4.2.2. PROPOSITION. Let V' have small coproducts and (T,n, 1) be a path-like monad on
GV over Set. Then G(V)T = T-Cat.

PRrOOF. Let X be a V-graph. To give an identity on objects map a : TX—X is to give
maps a, . : TX(y,2)—=X(y, z). By path-likeness these amount to giving for each n € N
and = = (zy, ..., x,) such that oy = y and z,, = z, a map

az T X (zi_1,75) = X(y,2)

since T X (x;_1,7;) = Tx*X(0,n), that is a, = ay . T%y,. When n = 1, for a given

Y,z € Xo, x can only be the sequence (y, z). The naturality square for n at T implies that

{nx}y. = TTo1{N(x(,2)) o1, and the definition of () says that {nx(.-)to1 = Tx(y.):
Thus to say that a map a : TX—X satisfies the unit law of a T-algebra is to say that
a is the identity on objects and that the a, described above satisfy the unit axioms of a
T—category.
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To say that a satisfies the associative law is to say that for all y, z € X,

T2X (y, )X (g, 2) (5)

Tﬂ?y,zt la‘%z

TX(yv Z) W X<y7 Z)
commutes. Given z = (zy, ..., z,) from X with xy = y and z,, = z, and w = (wy, ..., wy)
from T(X(xo, 1), ... X (-1, 2,)) with wy = 0 and wy = n, one can consider the com-
posite map T'(Z) T (W)o x, and since the coproduct of coproducts is a coproduct, all such
maps for x and w such that g = y and x,, = z form a coproduct cocone. Precomposing
(5) with the coproduct inclusions gives the commutativity of

TX(.CEijfl, xij) _#>TX(xijfl7 xij)

J v

o l |-

TX(xwiflfrwi) ayw X(:yvz)

(2

ST

and conversely by the previous sentence if these squares commute for all  and w, then
one recovers the commutativity of (5). This completes the description of the object part
of G(V)T = T-Cat.

Let (X,a) and (X', a’) be T-algebras and F : X— X' be a V-graph morphism. To say
that F' is a T-algebra map is a condition on the maps F, , : X(y, z2)—=X'(Fy, F'z) for all
Y,z € Xy, and one uses path-likeness in the obvious way to see that this is equivalent to
saying that the F, . are the hom maps for a T-functor. [

Returing to our basic example in which T is the category monad on GSet, note
that one can decompose the general hom T'X (a,b) even further when the X (x;_1,z;) are
themselves coproducts (in Set). For instance for sets A, B and C' one has

T(A+ B,C)(0,2) (A+ By xC=(AxC)+ (BxCQ)

T(A,C)(0,2)+T(B,C)(0,2)

11

by the distributivity of coproducts over products in Set. Most succinctly one has this
kind of decomposition simply because in this case T is the cartesian product of Set which
is distributive as a multitensor.

4.2.3. DEFINITION. Let V' be a category with coproducts and (T, n, 1) be a monad on GV
over Set. Then T s said to be distributive when T is a distributive multitensor.

For a more explicit rendering of definition(4.2.3) which avoids explicit mention of T,
consider a finite sequence of families of sets
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Then for any sequence of indices (iy,...,4,) € I} X ... X I, the coproduct inclusions give
identity-on-objects morphisms of V-graphs

(Cz‘l, ...,Cin) : (Zil,...,Zin) — (H Zil,...,HZin),

and thus morphisms

T<Ci1; . Cin)(),n : T(Zi17 ceny Zzn)(O,n) — T(H Zil? ceey H Zzn)(O,n)

11

in V', which together give a morphism

Szy,: 11 T(Ziyy s Z3)(0,0) — T(1L Ziyy -y 11 Zi,) (0, ).

(il ..... ln) 7:1 in

in V. The distributivity of T" then says that for all such finite sequences of families of
sets, this induced morphism ¢ Zi); is an isomorphism.

4.2.4. THEOREM. Let V' have coproducts. Then a monad T on GV over Set is oithe
form (GV,T'E) iff it is distributive and path-like, and in this case E is recovered as T

PROOF. Suppose that T is distributive and path-like. Since T is distributive the mor-
phisms 7y 4 are the hom maps of the components of a natural transformation 7 : I'T —
T, which is easily seen to be compatible with the monad structures. Since T is path-like,
this is an isomorphism. The converse follows from remark(4.1.3). ]

4.3. 2-FUNCTORIALITY OF I'. As the lax-algebras of a 2-monad M lax monoidal cate-
gories form a 2-category Lax-M-Alg. See [20] for a complete description of the 2-category
of lax algebras for an arbitrary 2-monad. Explicitly a lax monoidal functor between lax
monoidal categories (V, E') and (W, F') consists of a functor H : V—W, and maps

VYx, :FHX; > HEX;

natural in the X; such that

o vE
i ] g J v
Hu;x /ﬁx UH\ Y ito
HEX PHXy—5 - HEX,
ij v

commute for all X and X;; in V. A monoidal natural transformation between lax monoidal
functors

(H,9), (K, r) : (V, E)=(W, F)
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consists of a natural transformation ¢ : H— K such that

Fo) Jor
FKX,—% > KEX,

commutes for all X;. We denote by DISTMULT the 2-category DISTMULT of distributive
multitensors. It is the full sub-2-category of Lax-M-Alg consisting of the (V, E') such that
V' has coproducts and E is distributive.

For any 2-category K recall the 2-category MND(K) from [25] of monads in . Another
way to describe this very canonical object is that it is the 2-category of lax algebras of the
identity monad on K. Explicitly the 2-category MND(CAT) has as objects pairs (V,T)
where V' is a category and T"is a monad on V. An arrow (V,T)—(W, S) is a pair consisting
of a functor H : V—W and a natural transformation ¢ : SH— HT satisfying the obvious
2 axioms: these are just the “unary” analogues of the axioms for a lax monoidal functor
written out above. For example, any lax monoidal functor (H,) as above determines
a monad functor (H,y) : (V, E1)—(W, F}). A monad transformation between monad
functors

(H, ), (K, k) : (V,T)=(W,5)

consists of a natural transformation ¢ : H— K satisfying the obvious axiom. For example
a monoidal natural transformation ¢ as above is a monad transformation (H, ¢;)— (K, k1).

In fact as we are interested in monads over Set, we shall work not with MND(CAT)
but rather with MND(CAT/Set). An arrow (V,T) — (W, S) of this 2-category is a pair
(H,) as in the case of MND(CAT), with the added condition that ¢’s components are
the identities on objects, and similarly the 2-cells of MND(CAT /Set) come with an extra
identity-on-object condition.

We shall now exhibit the 2-functor

I : DISTMULT — MND(CAT/Set)

which on objects is given by (V, E) — (GV,T'E). Let (H,v) : (V,E)—(W, F) be a lax
monoidal functor between distributive lax monoidal categories. Then for X € GV and
a,b € Xy, we define the hom map I'(¢)) x o as

H FHX(SUFl,xi)% H HEX(SUiq,Ii)

where “obst.” denotes the obstruction map to H preserving coproducts. It follows easily
from the definitions that (GH,I'(¢)) as defined here satisfies the axioms of a monad
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functor. Moreover given a monoidal natural transformation ¢ : (H,¥)—(K, k), it also
follows easily from the definitions that

Go: (GH, T(4))= (9K, T'(x))

is a monad transformation. It is also straight-forward to verify that these assignments
are 2-functorial.

Lax algebras of a 2-monad organise naturally into two different 2-categories depending
on whether one takes lax or oplax algebra morphisms. So in particular one has the
2-category OpLax-M-Alg of lax monoidal categories, oplax-monoidal functors between
them and monoidal natural transformations between those. The coherence v for an oplax
(H,v) : (V, E)—(W, F) goes in the other direction, and so its components look like this:

Vvx,  HEX; - FHX;,.

The reader should easily be able to write down explicitly the two coherence axioms that
this data must satisfy, as well as the condition that must be satisfied by a monoidal
natural transformation between oplax monoidal functors. Similarly there is a dual version
OpMND(K) of the 2-category MND(K) of monads in a given 2-category K discussed above
[25]. An arrow (V,T)—(W,S) of OpMND(CAT) consists of a functor H : V—W and
a natural transformation ¢ : HT—SH satisfying the two obvious axioms. An arrow of
OpMND(CAT) is called a monad opfunctor. As before OpMND(CAT /Set) differs from
MND(CAT/Set) in that all the categories involved come with a functor into Set, and
all the functors and natural transformations involved are compatible with these forgetful
functors.

When defining the one-cell map of I' above we were helped by the fact that the
coproduct preservation obstruction went the right way: see the definition of the monad
functor (GH,T'y) above. This time however we will not be so lucky. For this reason we
define the 2-category OpDISTMULT to be the locally full sub-2-category of OpLax-M-Alg
consisting of the distributive lax monoidal categories, and the oplax monoidal functors
(H,) such that H preserves coproducts. Thus we can define

I : OpDISTMULT — OpMND(CAT/Set)

on objects by (V,E) — (GV,TE). Let (H,v) : (V,E)—(W,F) be an oplax monoidal
functor between distributive lax monoidal categories. Then for X € GV and a,b € X,
we define the hom map I"(¢)) x 4 as

= 1

H I EX(®i, ) HEX (%1, ;)
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It follows easily from the definitions that (GH,I"(v)) as defined here satisfies the ax-
ioms of a monad opfunctor. Moreover given a monoidal natural transformation ¢ :
(H,9)—(K, k), it also follows easily from the definitions that

Go: (GH,I"(4)) (G K, I"(k))

is a monad transformation. It is also straight-forward to verify that these assignments
are 2-functorial.

4.4. PROPERTIES OF THE 2-FUNCTOR I'.
4.4.1. PROPOSITION. I and I'" are locally fully faithful 2-functors.

ProoOF. We will verify that I' is locally fully faithful; the proof for I is similar. Let
(H,¢),(K,k) : (V,E) — (W,F) be lax monoidal functors between distributive lax
monoidal categories. Given ¢ : GH — GK so that ¢ : (GH,['(¢)) — (GK,I'(k)) is
a monad 2-cell, we must exhibit a unique monoidal natural transformation ¢’ : H — K
such that G¢' = ¢. By proposition(2.1.6) there is a unique ¢’ : H — K such that G¢' = ¢,
and from the proof of proposition(2.1.6) this is defined by ¢, = ¢(z)01. So it suffices to
show that ¢ satisfies the monad 2-cell axiom iff ¢’ satisfies the monoidal naturality axiom.
The monad 2-cell axiom says the outside of

HFHX(l'l,l,Z'Z) M.HHEX(Z‘Z,MCCZ) ﬂHHEX(.%'l,l,%Z)

Hlj(j)l lﬂ@y l‘z’FE(X),a,b
HFHX(%A,%) T H KEX(%;A, xz) b—>KH EX(xifla %)

obstn

commutes for all X € GV and a,b € X, and where all the coproducts are taken over
all sequences a = xg,...,z, = b. Since ¢rex)up = ¢’FE(X)(a7b), the right hand square
commutes by the naturality of the obstruction maps. Monoidal naturality of ¢’ says that
for all (Z, ..., Zy)

FHZ, ' _HEZ
o) |o

FKZ____ KEZ
7 w’ 7

commutes, which implies that the left hand square above commutes, and so monoidal nat-
urality of ¢’ implies the monad 2-cell axiom for ¢. For the converse take X = (71, ..., Z,),
a =0 and b = n. In this case the coproduct involved in the monad 2-cell axiom has only
one non-trivial summand, that for the sequence (0, 1,...,n). Thus the obstruction maps
are isomorphisms, and the left hand square is exactly the monoidal naturality axiom for

Q. n
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While I' and I aren’t themselves 2-fully faithful, proposition(4.4.2) is a useful related
statement which is true. By definition I' and I" fit into commutative squares

DISTMULT —— MND(CAT/Set) OpDISTMULT —~ OpMND(CAT//Set)

| |

CAT = CAT)/Set CAT = CAT)/Set

in which the vertical arrows are the obvious forgetful 2-functors. Let us write G-MND
(resp. G-OpMND) for the 2-categories obtained by pulling back G; along the appropriate
forgetful 2-functor, and by

U : DISTMULT — G-MND v’ : OpDISTMULT — G-OpMND

the induced 2-functors.

In more concrete terms an object of G-MND (or of G-OpMND) is a pair (V,T) where
V' is a category with coproducts and T' is a monad on GV over Set. By definition and by
theorem(4.2.4), we know that (V,T') is in the image of ¥ (or of W) iff T"is distributive and
path-like. A morphism (V,T) — (W, S) in G-MND is a pair (H,v) where H : V — W
is a functor, and 1) is 2-cell data making (GH, ) : (GV,T) — (GW, S) a monad functor.
Similarly, a morphism (V,T') — (W, .S) in G-OpMND is a pair (H, ) where H : V. — W is
a coproduct preserving functor, and v is 2-cell data making (GH, ) : (GV,T) — (GW, 5)
a monad opfunctor. A two cell ¢ : (H,v) — (K, k) of G-MND is a natural transformation
¢: H— K, making Go : (GH,¢) — (GK, k) a monad 2-cell, and the 2-cells of G-OpMND

are described similarly.
4.4.2. PROPOSITION. ¥ and V' are 2-fully faithful.

PRrROOF. We shall prove that U is 2-fully faithful; the proof for ¥’ is similar. By definition
and proposition(4.4.1) ¥ is locally fully faithful. Thus it suffices to show that W is fully
faithful as a mere functor. This in turn amounts to showing that for any functor H : V" —
W between categories with coproducts, and any natural transformation ¢ : I'(F)G(H) —
G(H)I'(E) such that (GH,v) : (GV,'E) — (GW,T'F) is a monad functor, that there
exists a unique ¢’ : FM(H) — HE making (H,¢') : (V,E) — (W, F) a lax monoidal
functor such that 'Y = 1.
The homs of the components of ) are maps in V' of the form

¢X,a,b : H leX(xi_l, ZEZ) — H H ]?X(xi_h xz)

and in the case where X = (Z1,...,Z,), a = 0 and b = n, the coproducts here have only
one non-trivial summand, that for the sequence (0,1, ...,n), and so we define

’lpIZz = (Zl Zn),O,n : FHZ’L — HEZrL

1111
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The lax monoidal functor coherence axioms for v’ follow easily from the monad functor
coherence axioms for ¢. To say that ')’ = 1) is to say that
I FHX(zi ) VX H I EX(zi1,)

a=xg,...,.tn=b * a=x0,...,xn=b "

HN /ob:tn
[I HEX(zi, )

a=xg,...,Ln=b

commutes for all X € GV and a,b € X, which is to say that
FHX (ziq,2;) 2, I1 FHX (21, ;)

a=x0,...,pn=b "

w’l iibx,a,b
HEX(I’Z_l,ZEZ)_)H H ]?X(xi—hxi)

HC%’ a=x0,...,Ln=b

commutes for all X € GV and a = xg,...,z, = b € Xy. But this last square is just
the hom between a and b for the naturality square for ¢ with respect to the canonical
inclusion (X (zg,x1), ..., X (Zn_1,7,)) < X. Finally we note that given ¢ making (H, ¢) :
(V,E) — (W, F) a lax monoidal functor one has for 7, ..., Z, € V

T)z...z, = TO) 21,z 0m = Oz,
and so ¢ — 1)’ is the inverse of the arrow map of W. [

4.5. CARTESIAN TRANSFORMATIONS. We now note that the above constructions are
compatible with cartesian transformations.

4.5.1. LEMMA. Suppose that H : V. — W is a pullback preserving functor between exten-
sive categories. Then the obstruction maps

[[Exi—-H]] X
icl icl
are cartesian-natural in the X;.

PRrROOF. The naturality squares in question appear as the right hand square in

HCX,L-

HX, 5 [ HX 2= F ] X,

Hfil/ lHHfi lHHfi
HY: = Y - H1TY:
HCyi

Since V' is extensive and H preserves pullbacks it follows that outside square is a pullback
for all ¢+ € I. Since W is extensive it follows then that the right hand square is a pullback
as required. -



40

4.5.2. PROPOSITION.

1. Let (H,v) : (V,E) — (W, F) be a lax monoidal functor between distributive lax
monoidal categories, and suppose that V and W are extensive and H preserves
pullbacks. Then the following statements are equivalent:

(a) 1 is a cartesian transformation.
(b) T is a cartesian transformation.

(c) W is a cartesian transformation.

2. Let (H,v) : (V,E) — (W, F) be a coproduct preserving oplax monoidal functor
between distributive lax monoidal categories, and suppose that W is extensive. Then
the following statements are equivalent:

(a) 1 is a cartesian transformation.
(b) T" is a cartesian transformation.

(c) W'y is a cartesian transformation.

PROOF. The statements that [ cartesian iff W1 is cartesian, and similarly for "¢ and
Uy, follows by definition. For (H,v) as in (1) note that by the extensivity of W the
maps

H wX(ZUi—hivi) : H ];HX(.TZ_l,JIl) — H H]?X(.%z_l,l’z)

a=xQ...,tn=>b a=xQ...,tn=b a=xQ...,xn=b

are cartesian natural iff ¢ is, and so (1) follows by lemma(4.5.1) and the definition of I
For (H,1) as in (2) one has by the extensivity of W that the cartesian naturality of

H wX(xifl,xi) : H HE@)X(JIz_l,J]J — H ];HX(Il_l,I,)

a=xQ...,tn=>b a=xQ...,tn=b a=xQ...,tn=b
is equivalent to that of ¢, so that (2) follows from the definition of I". n

Recall that for a cartesian monad (7,7, i) on a category V' with pullbacks, a T-operad
consists of another monad A on V' together with a cartesian monad morphism o : A — T,
that is to say, one has a natural transformation o : A — T whose naturality squares
are pullbacks, and is a morphism of monoids in the monoidal category End(V). Given
a cartesian monad T on GV over Set, a T-operad over Set is defined in the same way
except that the natural transformation « lives over Set, which means that in addition
a’s components are identities on objects. For instance for T' = 7T, the strict n-category
monad on G"Set, T-operads over Set were called normalised n-operads of [3] and the
terminology “normalised” was also used in [5]. Finally we note that I'’s image is closed
under cartesian monad maps.
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4.5.3. LEMMA. Let V be a lextensive category and T be a cartesian monad on GV over
Set. Let a: A — T be a T-operad over Set.

1. If T 1s distributive then so is A.
2. If T is path-like then so is A.
PROOF. (1): given an n-tuple (Xy,..., X,,) of objects of V' and a coproduct cocone
(c;: Xij = X jeld)
where 1<i<n, we must show that the hom-maps

A(Xl, -0y Gy, ~--;Xn)0,n : A(Xh ,X

ijy e Xn)(O, n) — A(Xl, ceny X’i7 ceny Xn)<07 Tl)
form a coproduct cocone. For j € J we have a pullback square

A(X1 ,,,,, Cjyenny Xn)O,n

A(Xl, ceey Xij7 ceny Xn)((), TL) A(Xl, cevy Xi, civy Xn)(O, n)

ol pb I

T(X1, ... Xij, .o, X)(0,n) T(X1, .o, Xi, oy X)(0,7)

and by the distributivity of T the T'(X7, ..., ¢;, ..., Xp)o,n form a coproduct cocone, and
thus so do the A(Xj, ..., ¢j, ..., Xi,)on by the extensivity of V.

(2): given X € GV, a,b € X, and a sequence (zy, ..., 2,) of objects of X such that
ro = a and x,, = b, we have the map

AZo ., 0 A(X (20, 1), ooy X (Tp-1,20))(0,n) = AX (a,b)

and we must show that these maps, where the x; range over all sequences from a to b,
form a coproduct cocone. By the path-likeness of T" we know that the maps

TZon : T(X(xo, 1), ey, X(Xp—1,2,))(0,n) = T X (a,b)

form a coproduct cocone, so we can use the cartesianness of o and the extensivity of V'
to conclude as in (1). "

5. Distributive laws between monads and multitensors

In section(1) of the seminal paper [6] of Jon Beck on monad distributive laws, it is shown
that there are three equivalent ways of regarding a distributive law of a monad S over a
monad 7" on the same category:

1. As a natural transformation T'S — ST satisfying some axioms,

2. as a natural transformation STST — ST satisfying some axioms, one of which is
that it is the multiplication of a monad, and
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3. as a lifting of the monad S to the category of algebras of T'.

In the previous section we saw that I' can be seen as a 2-functor landing in certain 2-
categories of monads, and from [25] we know that monads in these 2-categories of monads
are distributive laws. Thus I' sends monoidal and opmonoidal monads to distributive
laws.

In this section we exhibit an analogue of Beck’s basic result in our situation before
applying I', and then relate this to the monad distributive laws one has upon I'’s appli-
cation. Given a monad 7" and a multitensor E on a category V', the analogue of the data
TS — ST of a monad distributive law is that of the coherences making 7" into a monoidal
or opmonoidal monad with respect to . Theorem(5.1.1) is the analogue of Beck’s result
for monoidal monads, and theorem(5.2.1) is the analogue for opmonoidal monads.

Section(5.2) completes our development of the theory of monads and multitensors, and
in section(5.4) we give an illustration of our theory to efficiently construct the monads for
strict n-categories and deduce all their important properties.

5.1. DISTRIBUTING A MONAD OVER A MULTITENSOR. Let (V, E, u, o) be a lax monoidal
category. Recall that a monoidal monad on (V, E) is a monad on (V, E) in the 2-category
of lax monoidal categories, lax monoidal functors and monoidal natural transformations.
In more explicit terms this amounts to a monad (7,1, 1) on V' together with coherence
maps

such that
ET TE
T—%~ET EET ETE TEE
) ) 7 ]
N2 N i
TE, ET——TE
1] 1]
and
B -2 BT ET? TET T°E
HEN / SN /e
TE, ¢ ET——TE

% 7

commute. Ignoring the subscripts in the above data and axioms one can see immediately
the formal resemblence with monad distributive laws. Restricting attention to singleton
sequences of objects from V' one has a monad distributive law of T" over FEj.

Given a multitensor E on a category V and a monad (S,n,u) on GV, a lifting of
S to E-Cat is a monad (5,7, /) on E-Cat such that SUP = UES', nUEF = UFy and
pUP = UE | where we recall that UF : E-Cat — GV is the forgetful functor. We arrive
now at our monoidal monad analogue of Beck’s basic monad distributive law result.
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5.1.1. THEOREM. Let V be a category, (E,u,o) be a multitensor on V' and (T,n, 1) be
a monad on V. Then there is a bijection between the following types of data:
1. Morphisms 7x, : ETX;, — TEX, of V providing the coherences making T' into a

monoidal monad.

2. Morphisms o' : TETEX;; — TEXy; of V providing the substitutions for a
; i ij

multitensor (TE,u',o') where u'y = ng,xux, nE : E— TFE is a multitensor map,
Tu:T — TFE; 1s a monad map, and the composite

Tun® /
TE LTENTE o JTE

K3 (3

15 the identity.

if in addition V' has coproducts and E is distributive, then the data (1)-(2) are also in
bijection with

3. Identity on object morphisms \x : T(E)G(T)(X) — G(T)I'(E)(X) of GV providing
a monad distributive law of G(T) over I'(E).

4. Liftings of the monad G(T') to a monad T" on E-Cat.
and for any given instance of such data one has an isomorphism
(TE)-Cat = E-Cat™

of categories commuting with the forgetful functors into GV'.

PROOF. (1)<(2): The basic idea of this proof is to adapt the discussion of [6] section 1

replacing one of the monads by a multitensor. Suppose maps 7y, are given which make

T into a monoidal monad. Define vy = ng, xux and o’y to be given by the composite
g

TETEX;; TrE T?EEX; _+* _TEX,.
7 7 1] 1)

The axioms exhibiting (T'F,u/,¢') as a multitensor, nE : E — TFE as a multitensor
map, Tu : T — TEFE, as a monad map, and o'(TunE) = id follow easily from the

multitensor axioms on F, the monad axioms on 7" and the monoidal monad coherence
axioms. Conversely given the data ¢’ as in (2) one defines the monoidal monad coherence

7 as the composite
nETu

(3

ET TETE, —>—~TE.

The axioms involving 7, n and u are verified easily.
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In order to verify the other two axioms one must first observe that

TEE rEny " TETE g F TETE

RTE \ lg ©)

commutes. One witnesses the commutativity of the triangle on the left from

/

TunEE o' E
TEE I TEYTEE J TEE
TEnE

)

) ]
y Tu}?]]i} TElTEnE \, 3
TEimEnE o'TE
TE regE " TETETE ' _TETE
) v g J
Tkx » TEo L TE o /,/
5 CTEE TETE TE
ij T TEmE ij o ij
k)

using also ¢'(TunE) = id, and one witnesses the commutativity of the triangle on the

right of (6) from

T2 unE ,
T°E\TE To T°E
pE TnE {_TuTE\TE i TR
/ TuTuT E ,
TE TElTElTE&,TElTE
7% uTI;JEl %T}:_: /7
" T?E TE\TE TE
i TuTE i o' i

and o'(Tun E) = id. Second, one observes that

T2ETE _Td _T2E TETEE TEE
i j ij 7 7k ij k
WETE| |HE ThTo| fo (7)
TETE TE TETE TE
i g o ij i gk 7 ijk

commute, but these identities are easily witnessed from

TQETET_U'>T2E TETEE TPE}
TuTETE\L Yz“juTE TETEuEl/ ]TEUE
TElTETETEIUTElTE TETETE kTETE
/) b ey I
TETE TE TETE TE

i.j ) ik o ijk

A 7 o 1]
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With (7) now verified we now proceed to the verification of the other axioms for 7.

The axiom expressing the compatibility between 7 and ¢ is verified in

EETl ETETEl ETE : JTETElE

\ nETEBTE, A 7z
S
o TETET&_+TETE TEE
i j
\TEI o’ To
ET TETE1 TE
%) nETu

and the axiom expressing the compatibility between 7 and p is verified in

ET277 TET&T W‘TET 7ﬂETm

%TuTu TETu /
7 % nwETE, To'

\ TETE, Tu ;

B TETElTEUTEf_TETE1 T2E
\<f“ \\\\\ a

ET TETE, TE
i nE1Tu i i

It follows immediately from the unit laws of 7" and E, that the composite function
(1)=(2)—(1) via the above constructions is the identity. It is the commutativity of

the outside of

TO'/

T2ETE,E T°EE

TnETuE ‘ / i

v lu@TElg u@l;?l
TETE TETE,E TEE

i i J i po
lTETa Tol
1 3
TETE TE
7 i o' %

that says that (2)—(1)—(2) is the identity.
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(1)<(3): A monoidal monad on (V, E) is a monad on (V, E) in the 2-category DISTMULT.

By [25] to give a monad S on GV over Set and a distributive law of S over I'E is to give
a monad on (GV,I'E) in MND(CAT /Set). Moreover such distributive laws, for the case
where S = GT' for some monad 7" on V, are exactly monads in G-MND. Thus applying
U to monads gives the desired bijection.

(3)<>(4): By the usual theory of monad distributive laws and since GV = E-Cat
over GV by proposition(3.2.1).

One can readily unpack the lifted monad 7" in terms of the monoidal coherence
data using the details of the proof of proposition(3.2.1) which explain how to regard
an E-category as a ['E-algebra. Let X € E-Cat and as in section(3.1) write k,, :
]?X(wi,l, x;) — X(xo, x,) for the composition maps. Then since 7" is a lifting of GT', T'X

must have underlying V-graph GT'(X), which has the same objects as X and homs given
by (1"X)(a,b) = T(X(a,b)). The composition map «, : ET' X (2;_1,2;) — T'X (20, Tn)

is given by the composite

Tha;

ETX(ﬁi_l, xl) . T EX(xi—lv CUZ)

TX (zg, )

Consider Z € GV. To endow Z with the structure of a T'E-category is to give maps

Kyt TEZ (221, 21) = Z(z20, 2n)

satisfying the usual axioms. But by precomposing these with the unit for T gives the
compositions for an E-category structure on Z, and by the above explicit description of
T’, one may readily verify that the remaining structure is exactly that of a T’-algebra
structure. Similarly given V-graph map f : Z — Z’ between T E-categories, one may
readily verify that f is a T E-functor iff it is an E-functor and a T’-algebra map. Thus
we have the object and arrow maps of the required isomorphism (7'E)-Cat = E-Cat” . m

All aspects of the above result apply to the familiar examples of monoidal monads on
Set regarded as monoidal via its cartesian product, since x preserves all colimits in each
variable and so is certainly distributive. These familiar examples include: the pointed set
monad, the covariant power set monad, the monad obtained from a commutative ring R
by taking R-linear combinations. In [28] a tensor product on GV is provided, under very
slight conditions on V', with respect to which any monad on GV over Set is (symmetric)
monoidal, giving many examples relevant to higher category theory.

5.2. DISTRIBUTING A MULTITENSOR OVER A MONAD. In a completely analogous fashion
one may also regard opmonoidal monads as distributive laws. Once again let (V, E, u, o)
be a lax monoidal category. An opmonoidal monad on (V, E) is a monad on (V, E) in
the 2-category of lax monoidal categories, oplax monoidal functors and monoidal natural
transformations, which amounts to a monad (7,1, 1) on V together with coherence maps
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such that
TE ET
T—>TE, TEE ETE——EET
\ 1] 7 J )
ul / TU\\ /UT
E\T TE - ET
1] 1]
and
nEr 9 Tt T 9
E,——TE, T ];] T];]T ];]T

Elk % uE.\\ /Eu
ENT

i TE p= ET i

commute. Recalling that M is our notation for the monoid monad on CAT, we shall use
the alternative notations
EM(T)(X,, .. X,) =ETX,

interchangeably as convenience dictates.

Given a multitensor (F,u,0) on a category V and a monad (7,n,u) on V, a lifting
of E to VT is defined to be a multitensor (E’,u’,0") on VT such that UTE' = EM(UT),
UTw' = wUT and UTo’ = o M?(UT), where we recall that U : VT — V is the forgetful
functor. In more explicit terms to give such a lifting is to give maps

in V for all sequences ((Xi, 1), ..., (X, z,)) of T-algebras, such that these maps satisfy
the axioms making (E X;, a,,) T-algebras, and with respect to these structures, E f; is a

morphism of T-algebras for any sequence f; : (X;,x;) — (Yi,y;) of T-algebra maps, and
moreover, u and o are T-algebra morphisms.

5.2.1. THEOREM. Let V be a category, (F,u,o) be a multitensor on V' and (T,n, 1) be
a monad on V. Then there is a bijection between the following types of data:

1. Morphisms 7x, : TEX;, — ETX, of V providing the coherences making T into a
opmonoidal monad.
2. Morphisms o’y ETETX;; — ETXy; of V providing the substitutions for a mul-
R ij

titensor (EM(T),u',0’) where u'y = urxnx, En: E — EM(T) is a multitensor
map, vl :'T"— E\T is a monad map, and the composite

EnuT
2

ET ETE,T _o _ET

2

1s the identity.
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3. Liftings of the multitensor E to a multitensor E' on V7.

and for any given instance of such data one has an isomorphism
EM(T)-Cat = E'-Cat

of categories commuting with the forgetful functors into GV'. If in addition V' has coprod-
ucts, T' preserves them and E is distributive, then the data (1)-(2) are also in bijection
with

4. Identity on object morphisms \x : G(T)I'(E)(X) — I'(E)G(T)(X) of GV providing
a monad distributive law of T'(FE) over G(T).

PROOF. (1)<(2): This is completely analogous to the bijection between (1) and (2) in
theorem(5.1.1).

(1)<(3): Suppose that opmonoidal monad coherence data 7x, is given. Then for
a given sequence of T-algebras ((Xi,z1),..., (Xn,z,)) we define a,, to be given by the
composite

TEX; ETX, EX;.

The verifications that these maps satisfy the T-algebra axioms, and that with respect to
these structures v and o are T-algebra morphisms are straight forward. Conversely given
a lifting of F to VT we construct, for a given sequence (X7, ..., X,,) of objects of V, the

coherence map Ty, as the composite
TEn Qux.
TEX, ' TETX, % EX,.
K] K3 K3

The axioms expressing the compatibilities between 7 with w,  and p are all routinely
verified. The axiom for the compatibility of 7 with ¢ is witnessed in

TE E
TEE X TETEX ETEX
(]

TETEy (g
g J
To \ BT En

TR TETETXy wwrx,

TEXU TEr]ET TEauy ET]JETXU
/ \ B
TEY TEETX, _ TEETX, By,
a“ux J
‘4&
TE TXiJ’ (II1) EE TXij
ij i g

ETX;;
1)
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in which the unlabelled regions commute for obvious reasons. Region (III) commutes
since o is a T-algebra map. Since the Qpy,, are T-algebra maps so is E a, X, and so region
(IT) commutes. The morphisms T'En are T-algebra maps and so ET En are T-algebra

J ? J

maps whence region (I) commutes also. Thus we have established functions that turn
opmonoidal coherence data into liftings and vice versa, and the verification that these are
inverse to each other is straight forward.

The isomorphism E’-Cat = (EM(T)))-Cat over GV: To give X € GV the structure of
an EM (T)-category is to give morphisms

ap, : ET(X(z;_1, 7)) = X (20, 2,)
in V for each sequence (xy, ..., x,) of objects of X, such that all diagrams of the form

ETrT

ETETX (zij1,2i) - s BEET?X (2351, zij)
X (z0,71) == TX (wg,21) l;}JTami].\l ” Jon
1l juT Ei)TX(:L'i,l,xi) %TX(a:ij_l,xij)
X (zo, $1)am1E1TX($0, x1) k <
X (g, )

commute. On the hand to give X the structure of an E’-category is to give maps

buozy » TX (29, 21) — X (20, 21) Co; ]?X(xi_l,xi) — X (g, )

such that the b,, ., satisfy the T-algebra axioms, the c,, satisfy the F-category axioms,
and moreover the c,, are T-algebra morphisms with respect to the T-algebra structures
given by the b,, ,,. Supposing that maps a,, are given as above one defines maps by, ,
and c,, as composites

Qzxq,xq

TX(?L’(),Il) u];n ElTX<I'Q,ZL‘1) X(l’o,l’l)
?X(ii—l, Ti) L~ B TX (w1, %) — 2 s X (20, 2).

The T-algebra axioms for b,,,, and the E-category axioms for c,, are easily verified.
That c,, is a T-algebra morphism is expressed by the commutativity of the outside of the
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diagram

ETX (i1, x;) EElTX(xZ 1,%;)

/ EnT 1:,:%1.71,%
E noo

TEX (i1, ETZX (Tie1,%:) EqET EX(xi—1,x;)

2y ETuT
E =X xz 15 xz {
TEn uET2 E TElTX(lL'i_l, Ti)En
1 i 7
id | EuT2 \
/ ETaz, 1,2

ElET X(zi1,77) AR
/ ETX(:Q 1,%;)

TETX(J!:Z 1,%;) ~
’ / \EEIT X(x; 1,371)
T
\u‘ET EyrT

: ‘Jf
e \ / ETX(xZ 1)

ElTETX Ti— 1,1‘1

ag;
TX(xg,z,) X (0, 7n)
ElTaIZ
/

ElTX (0, Tp)

whose internal regions all clearly commute. Conversely given structure maps b,, ,, and
cz; as above, one constructs the a,, as the composites

blz 1>T4 Cx
BTX (i1, 1) S EX (250, 7:) L X (z0, ).

The verification that these maps satisfy the axioms on the a,, described above is straight
forward. It is also straight forward to check that these constructions give a bijection
between EM (T')-category structures and E’-category structures on X, and moreover that
this can be extended to maps giving the required isomorphism of categories over GV.
(1)&(4): This bijection is given in basically the same way as that for (1)< (3) in
theorem(5.1.1), using the 2-functor ¥’ instead of . ]

5.2.2. REMARK. Note in particular that, in the context of theorem(5.2.1), when V' has

coproducts, E is distributive and T preserves coproducts, then the composite multiten-
sor EM(T) is clearly distributive. Moreover since UTE’ = EM(UT) and U” creates
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coproducts, the lifted multitensor E’ is also distributive. Thus by theorem(5.2.1) and
proposition(3.2.1) one in fact has isomorphisms

G(V)FEMI) = EM(T)-Cat = G(V)"9M) = E'-Cat = G(VT)™

over GV. Either by a direct verification, or by applying structure-semantics® to g(V)F (EM(T)) o~
G(V)'EWT) one has also an isomorphism

NEM(T)) =T(E)G(T)

of monads. Moreover the monad T" may also be regarded as a multitensor, whose unary
part is 7' and whose n-ary parts for n # 1 are constant at (), and then I'T" = GT' as
monads. Thus if £ and T" are A-accessible, then so is EM (1) by theorem(3.3.1)(2).

5.2.3. REMARK. If moreover E and T are local right adjoint and the coherences 7x, are
cartesian natural in the X;, then by the explicit description of the composite multitensor
EM(T) and theorem(3.3.1)(4), EM(T) is also local right adjoint.

5.2.4. EXAMPLE. When V is a category with finite products and E is given by them, any
monad T on V is canonically opmonoidal, with the coherences provided by the product
preservation obstruction maps. The composite monad, whose tensor product is

EM(T)(Xy,... %) = [] TX:

1<i<n
was called 7™ in [5]. Proposition(2.8) of [5], which says that
T*-Cat = (VT x)-Cat

over GV, follows by applying theorem(5.2.1) to this example. When 7T is local right
adjoint and V' is distributive, the product obstruction maps for T" are cartesian natural
by lemma(2.15) of [27] and so by remark(5.2.3) T is local right adjoint.

5.3. WREATH PRODUCTS. Continuing with this last example, one can give an account of
the wreath products with A which are central to [7], by combining the present discussion
with the theory of monads with arities as described in [8]. Let us first recall and in some
ways update some of this theory.

A monad with arities is a monad in the 2-category CAT-Ar of categories with arities
that we now describe. An object is a fully faithful dense functor ¢ : A — & such that A

3This is the well-known fact due to Lawvere that for any category £, the canonical functor
Mnd(€)°P — CAT/E T = U:ET €

with object map indicated is fully faithful (see [25] for a proof). In particular this implies that for monads
S and T on &, an isomorphism T 2 €5 over £ is the same thing as a monad isomorphism S = T'.
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is small and & is locally small. A morphism from ¢ : A — &€ to j : B — F is a functor
F : & — F such that the composite functor

eL-F g
is the left kan extension along i of F(j,1)Fi. See lemma(2.2) and section(2.4) of [8] to
see why these compose, and for an elementary characterisation of this last condition. A
2-cell F' — @ is just a natural transformation.

In [8] i : A — & was referred to as a pair (A, <€) and assumed to be the inclusion of a
full subcategory. Thus strictly speaking, our CAT-Ar has more objects than that of [8].
However any 7 : A — £ in CAT-Ar can easily be seen to be isomorphic to one for which
the functor is a subcategory inclusion. The objects in the image of 7 are small projective
iff £(i,1) is an equivalence £ ~ A (see the discussion preceeding lemma(2.2.6)). Working
with such an ¢ is a more flexible alternative than working with categories which are equal
or isomorphic to C for some small category C, for instance, when dealing with G(C).

5.3.1. REMARK. By lemma(2.2.6), if V' has a strict initial object and i : D — V is a
category with arities, then so is i™ : D, — GV. Moreover if the objects in the image of i
are small projective, then so are those in the image of i*.

5.3.2. REMARK. If i : A — & is a category with arities and X € &, then it is straight
forward to verify that

ix i/ X = E/X (A h:iA— X) — (A D)
is also a category with arities, and moreover if the objects in the image of ¢ are small
projective, then so are those in the image of ix.

Let us now reformulate Berger’s definition of the wreath product with A ([7] defini-
tion(3.1)) in terms of the language of this paper. Given a distributive category V, for
any sequence of objects (Z1, ..., Z,) regarded as a V-graph, the V-graph I'(]])(Z1, ..., Z,),
underlying the free V-category on (71, ..., Z,), has the following explicit description by
the definition of I'(J]). Its set of objects is {0, ...,n}, and its homs are given by

1 2 ifi<jy
(D (21, Z0) (i, 5) = { i<k<j k J

0 if i > j.

5.3.3. DEFINITION. [7] Leti : A — & be in CAT-Ar such that € is a distributive category.
Then AUV A is the following category

e objects are finite sequences of objects of A.

e an arrow f: (A, ..., Apn) — (Bi, ..., By) is an E-functor

£ T(D A, ... iAw) — () (B, ... iBy).
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The enrichment over £ implicit in the above is with respect to cartesian product in £.
Suppose the objects of A are not initial and &’s initial object is strict. Then the object
map ¢ : {0,....,m} — {0,...,n} of f above is forced to be an order preserving function.
As f amounts to an £-graph morphism as on the left in

(i—1)<k<e(j)
it is completely determined by ¢ and the morphisms f; in £ for 1 < j < m as indicated

in the previous display. In the case where £ = A and ¢ is the yoneda embedding, A .A
is thus exactly as defined in [7] definition(3.1). In fact our definition is no more general
than that of Berger’s.

5.3.4. REMARK. A A as defined in definition(5.3.3) does not depend on i or £. For
E(i,1) : € — A is fully faithful and product preserving, and so G(£(i, 1)) is also fully

faithful and underlies a monad morphism (G(E),T(]])) — (G(A),T(]])) whose 2-cell
datum is invertible. Thus the corresponding commutative square

~

G(&)NID — g(A4)rID
Ur<n>l lyum

9E) Gzanr G(A)

is a pullback by [8] proposition(1.3)(c), and so i is also fully faithful. Moreover for any
sequence (A, ..., A,) of objects of A one has

iD(]) (AL ... iA) 2 T (YA ..., yAn)

where y is the yoneda embedding A — A. Thus the application of i gives a bijection
between £-functors as on the left in

D([D)(iA, ....iA,) — DD @B, iBy)  TAD (WAL .. yAn) — D) (YBs ooy yBy)

and A-functors as on the right in the previous display.

As defined in definition(5.3.3), the category A A is the image of the identity on
objects-fully faithful factorisation of the composite

Mi seqg FraDn

MA ME GE E-Cat = G(&)FAD

where seqg is the process of viewing sequences as £-graphs.
Let 7 : A — £ be a category with arities and suppose that £ has a terminal object 1.
Given a local right adjoint monad* 7" on &, we shall now explain how one can extend the

“In [8] local right adjoint monads were called strongly cartesian monads.
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arities A of £ in such a way as to make 7" a monad with arities. In [8] this was explained
in section(2.6) in the case where ¢ was a yoneda embedding.

Since T' is local right adjoint its effect 77 : € — £/T'1 on arrows X — 1 has a left
adjoint Lp. Define the full and faithful functor ig : A7 — &£ as the right part of the
identity on objects-fully faithful factorisation of the composite

i)T1-1% /7121 ¢

Given f :1A — T1 and writing g(a,y) for the component of the unit of Ly 47} at (A4, f)

9(A,f)

iAE T Ly (A, f) 2> T1

is a T-generic factorisation of f in the sense of [27, 26]. Thus the data of Lyir; comes down
to a choice of such generic factorisation for each (A, f). Since generics for the identity are
exactly isomorphisms, the cartesianness of the unit n : 1 — 7" ensures that its components
are T-generic by [26] proposition(5.10)(2). As in the discussion of section(6.1) of [5], one
can thus take g4, for f of the form

iA—=1-"-71

to be n;4, whence Lyira(A, f) = ¢A in this case. This ensures that i factors through i,
and so by theorem(5.13) of [18], i( is dense. By the same argument as theorem(2.9) of
8], Ar are arities for T', that is to say 7" is a monad on iy : Ay — £ in CAT-Ar.

Define iy : ©7 — ET to be the right part of the identity on objects-fully faithful
factorisation of the composite

AngiST

By the nerve theorem ([8] theorem(1.10)), iz is also dense and one has a characterisation
of the image of the nerve functor 7 (ip, 1) : ET — Oy.

The basic example worth recalling is where £ = Gph, ¢ is the yoneda embedding
and T is the monad for categories. Then Or is equivalent to A, though not isomorphic
— unwinding the definitions in this case reveals that O differs from A in that there
are two copies of the object [0]. Thus to recover A up to isomorphism from the above
considerations, one must take a skeleton of ©p. Similar remarks apply to the other
examples considered in section(4) of [27].

Let i : A — & be a category with arities, £ be locally c-presentable, and T be a
coproduct preserving local right adjoint monad on €. Then by remark(5.3.1) and theo-
rem(3.3.1)(4), i* : Ay — GE is a category with arities, GE€ is locally c-presentable, and
['(T*) is a coproduct preserving local right adjoint monad on GE. Thus as above, one can
define ©p(rx). Recall from section(5.2) that I'(7) is the composite monad I'(J[)G(T')
defined via a distributive law.
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5.3.5. PROPOSITION. For i, £ and T as above there exists a fully faithful functor
W . @F(TX) — A @T.

PROOF. The category A ©Or is the image of the identity on objects-fully faithful factori-
sation of the composite

MO, 2L \eT = G(ET) L (M) = g(B)rr) ®)
8

and the category Orprx) is the image of the identity on objects-fully faithful factorisation
of the composite

+
(T X FL(T>)

D)) R G ) M) 1 G (E) T gy, 0

Thus one has fully faithful functors
i1 A0y — G iy : Oprx) — G(E)NT).

To demonstrate the existence of wp such that i, = 4wy, it suffices to show that if
X € G(E)'™) is isomorphic to an object in the image of 75, then X is isomorphic to an
object in the image of 7.

To say that X = X’ € im(iy) is to say that X = ['(T™)(Y') and there exists B € A,
together with a generic morphism ¢g : B — I'(T*)(Y), because then Y will have been
obtained by applying the first two functors of (9) to f = I'(T*)(!)g. In other words,
X 2 T(T*)(Y) where Y was obtained by generically factoring some morphism f : B —
[(T*)(1), where B € A,;. Such generic factorisations were understood in the proof of
theorem(3.3.1)(4). When B = 0 one may take g to be 1y. On the other hand when
B = (A), one may take g : (A) — ['(T™)(Z, ..., Z,) such that g0 = 0, g1 = n and
goa : A — ]I TZ; such that pr,go, is T-generic for all &. Thus X = I'(T)(Y') where

1<i<n
Y = (p1,...,pn), and there exists A € A and T-generic maps g; : A — Tp; for 1 <i<n
(the case B = 0 captured by the case n = 0).

To say that X = X’ € im(¢;) is to say that X = I'(J])(¢i, ..., ¢n) where the ¢; are
isomorphic to objects in the image of ir. But this says that for all 7, ¢; = T'p; and there
exists A; € A and a T-generic morphism ¢; : A; — Tp;. Thus X = I'(Tpy, ..., Tp,) and
for all i, there exists A; € A and a T-generic morphism g; : A; — Tp;. Now (T'py, ..., Tpy)
is a sequence of free T-algebras viewed as an £7-graph, and since T preserves coproducts
this can be rewritten as G(T')(p1, ..., pn). Thus X Z T(T*)(Y) where Y = (py, ..., pn), and
for 1 <7 < n there exists A; € A and T-generic maps ¢; : A; — T'p; for 1 < i < n. n

5.3.6. REMARK. From the previous proof, it is clear that wy is essentially surjective on
objects when T and i satisfy the following condition — given A;, Ay € A, and generics
g1 : Ay — TX and g : Ay — TV, there exists A € A and generics g] : A — TX and
gy A—=TY.
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5.3.7. EXAMPLE. Consider the case when £ = Gph, 7 is the yoneda embedding and 7" is
the monad for semicategories. Recall that a semicategory is a graph with an associative
binary composition, but not necessarily identities for this composition. Thus T'X is the
graph whose vertices are those of X, and whose edges are non-empty paths. In this case Or
is the full subcategory of A consisting of the strictly monotone functions (ie the injections).
Thus an object of A ©r is a sequence of finite non-empty ordinals ([n4], ..., [ng]). As a
subcategory of G2(Set)'™™) the objects of A1Or are free ['(T*) algebras on 2-dimensional
globular pasting diagrams. For instance ([3],[0],[2]) and ([3],[1],[2]) are identified with
the globular pasting diagrams

AN AN

o | o——>0o——>o and ° o | e——e

W N \M N\
respectively. The algebras of I'(7*) in this case are categories enriched in semicategories
using the cartesian product. In other words I'(7T) algebras are just like strict 2-categories
except that they needn’t have identity 2-cells. In particular the lack of identity 2-cells
means that there is no meaningful operation of whiskering in a I'(T*) algebra as there is
in a 2-category. As a subcategory of G2(Set)" ™) the objects of Or(rx) are free on those
globular pasting diagrams which one doesn’t require whiskering to build. For instance

the left pasting diagram above does not live in Op(rx) whereas the right one does. Thus
this is an example where wy is not an equivalence.

5.4. STRICT n-CATEGORY MONADS. One can consider the following inductively-defined
sequence of monads

e Put 7<( equal to the identity monad on Set.
e Given a monad 7T, on G"Set, define the monad 7<,41 = I'T;, on G"*'Set.

recalling that G"Set is the category of n-globular sets. By example(5.2.4) and propo-
sition(3.2.1) it follows that G"(Set)7<» is the category of strict n-categories and strict
n-functors between them. By remarks(5.2.2) and (5.2.3), and example(5.2.4), we recover
the fundamental properties of these monads, that is that they are coproduct preserving,
finitary and local right adjoint. Moreover from this inductive description of 7, and
theorem(5.2.1) one recovers the distibutive law

G(T<n)P(ID = TIDY(T<n)

for all n, between monads on G"Set, with composite monad I'([[)G(T<,) = T<m+1), s
witnessed in [12].

We denote by k the free living k-cell viewed as a representable n-globular set (for
0 < k <n). Recall [26] that a globular set A is a globular pasting diagram of dimension
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< k iff there exists a generic morphism & — T<,A. A globular pasting diagram of
dimension < k is obviously a globular pasting diagram of dimension < n, and so for such
an A there exists a generic morphism n — 7<,A. Thus 7T, satisfies the condition of
remark(5.3.6), and so

@T§n+1 ~ A} ®T§n

by proposition(5.3.5) and remark(5.3.6). Up to isomorphism the category ©,, of [7] may
be defined as a skeleton of ©7. , and so one has ©,; = A0,

As far as defining the monads T<n is concerned, one could just as well start with
any locally finitely c-presentable V' in place of Set, giving monads whose algebras are V-
enriched strict n-categories. This enrichment gives objects in V' of n-cells between parallel
pairs of (n—1)-cells. By the same arguments these monads are also coproduct preserving,
finitary and local right adjoint, and moreover give rise to distributive laws in the same
way.

6. Higher operads and contractibility

Since higher operads are monad morphisms of a certain kind, the functorial correspon-
dence between monads and multitensors gives a multitensor viewpoint on higher operads.
This is theorem(6.1.1) which generalises the main results of [5]. Sections(6.2) and (6.3)
are then concerned with extending this to give a sensible notion of “contractible multi-
tensor” and its relation to contractible operads. Finally in section(6.4) we use our theory
to recover Trimble’s definition, as described in [11].

6.1. THE BASIC CORRESPONDENCE. Recall [5] that just as one can define T-operads for
a cartesian monad 7T, one also has a notion of E-multitensor for any cartesian multitensor
E. For (V, E) a cartesian multitensor, one defines an E-multitensor to consist of another
multitensor A on V together with a natural transformation o : A — E which is cartesian
natural and compatible with the multitensor structures.

For V' a category with pullbacks and 7" a cartesian monad on GV over Set, a T-
operad a : A — T over Set may be regarded as either a monad functor (lgy,«) :
(GV,T) — (GV,A) over Set whose 1-cell datum is an identity and 2-cell datum is a
cartesian transformation, or equally well as a monad opfunctor (lgy,a) : (GV, A) —
(GV,T) whose 1-cell datum is an identity and 2-cell datum is cartesian. Similarly, an
E-multitensor may be regarded as either a lax monoidal functor (1y, «) : (V, E) — (V, A)
over Set whose 1-cell datum is an identity and 2-cell datum is a cartesian transformation,
or equally well as an oplax monoidal functor (1y, «) : (V, A) — (V, E) whose 1-cell datum
is an identity and 2-cell datum is cartesian.

We denote by T-Op, the category of T-operads over Set and their morphisms. A
morphism from oo : A — T to §: B — T is just a monad morphism v : A — B such that
a = [Bv. It follows that v is itself cartesian and over Set. Thus a T-operad morphism may
be regarded either as a monad functor (1y,v) : (V,T) — (V, A) or a monad opfunctor
(1y,7) : (V,;A) — (V,T). Similarly one has the category E-Mult of E-multitensors and
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their morphisms, with a morphism from a: A — F to §: B — FE being multitensor map
over E. As with operad morphisms, morphisms of E-multitensors are reexpressable either
as lax monoidal functors under (V, F) or as oplax monoidal functors over (V, E). Thus
by applying either I" or I'' to E-multitensors and their morphisms, one obtains a functor

'y : E-Mult — T'E-Op,.

By lemma(4.5.3), theorem(4.2.4) and proposition(4.5.2), ' is essentially surjective on
objects. By proposition(4.4.2) it is fully faithful, and so we have obtained

6.1.1. THEOREM. Let V be lextensive. Then I'g gives an equivalence of categories
E-Mult ~ I'E-Op,.

In the case where E/ = T we recover the first equivalence of corollary(7.10) and of
corollary(8.3) of [5].

6.2. TRIVIAL FIBRATIONS. Let V be a category and Z a class of maps in V. Denote by
Z" the class of maps in V that have the right lifting property with respect to all the maps
in Z. That is to say, f : X—Y is in Z' iff for every i : S—B in Z, a and 3 such that the
outside of

S—=X

B—B>Y

commutes, then there is a v as indicated such that fy=/8 and vi = a. An f € ZT is called
a trivial Z-fibration. The basic facts about ZT that we shall use are summarised in

6.2.1. LEMMA. Let V' be a category, I a class of maps in'V, J a set and
(fi: Xj=Y; [ jeld)
a family of maps in V.
1. I' is closed under composition and retracts.
2. If V has products and each of the f; is a trivial Z-fibration, then
I1f: 11X = 11Y;
j j J
1s also a trivial Z-fibration.
3. The pullback of a trivial Z-fibration along any map is a trivial Z-fibration.

4. If V is extensive and ]_[j fi 1s a trivial Z-fibration, then each of the f; is a trivial
fibration.

5. If V is extensive, the codomains of maps in I are connected and each of the f; is a
trivial Z-fibration, then Hj fj is a trivial Z-fibration.
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PROOF. (1)-(3) is standard. If V' is extensive then the squares

fjl l]_[jfj

whose horizontal arrows are the coproduct injections are pullbacks, and so (4) follows by
the pullback stability of trivial Z-fibrations. As for (5) note that for i : S—B in Z, the
connectedness of B ensures that any square as indicated on the left

s—1II; X; S X;
zl \LH]’ fi zl lfj
B—>ij} B Y;

factors through a unique component as indicated on the right, enabling one to induce the
desired filler. -

6.2.2. DEFINITION. Let F,G : W—V be functors and I be a class of maps in V. A
natural transformation ¢ : F=G s a trivial Z-fibration when its components are trivial
Z-fibrations.

Note that since trivial Z-fibrations in V' are pullback stable, this reduces, in the case
where W has a terminal object 1 and ¢ is cartesian, to the map ¢; : F'1—+G1 being a
trivial Z-fibration.

Given a category V with an initial object, and a class of maps Z in V', we denote by
I+ the class of maps in GV containing the maps®

0 —0 (1) : (S) — (B)

where ¢ € Z. The proof of the following lemma is trivial.

6.2.3. LEMMA. Let V' be a category with an initial object and Z a class of maps in V.
Then [ : X—=Y is a trivial Z"-fibration iff it is surjective on objects and all its hom maps
are trivial Z-fibrations.

In particular starting with V' = G the category of globular sets and Z_; the empty class
of maps, one generates a sequence of classes of maps Z,, of globular sets by induction on
n by the formula Z,,,; = (Z,)* since G(G) may be identified with G, and moreover one
has inclusions Z,, C Z,,+1. More explicitly, the set Z,, consists of (n+ 1) maps: for 0<k<n
one has the inclusion 0k — k, where k here denotes the representable globular set, that
is the “k-globe”, and Ok is the k-globe with its unique k-cell removed. One defines Z<
to be the union of the Z,’s. Note that by definition Z«,, = ZZ__.

5Recall that 0 is the V-graph with one object whose only hom is initial, or in other words the repre-
senting object of the functor GV —Set which sends a V-graph to its set of objects.
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There is another version of the induction just described to produce, for each n € N, a
class Z<,, of maps of G"(Set). The set Z< consists of the functions

0 —0 0+0—0,

SO Ilo is the class of bijective functions. For n € N, Zc,, .y = ZZ,. As maps of globular
sets, the class 7, consists of all the maps of Z,, together with the unique map d(n+1)—n.
A map of n-globular sets is a trivial Z<,, fibration iff it has the right lifting property with
respect to all the morphisms of Z,, and moreover the unique right lifting property in the
top dimension (ie with respect to On < n).

6.2.4. DEFINITION. Let 0<n<oo. An n-operad® o : A—T<, is contractible when it is

a trivial Z<,-fibration. An n-multitensor ¢ : E—T_, is contractible when it is a trivial
I,-fibration.

By the preceeding two lemmas, an (n + 1)-operad « : A—7<, 41 over Set is contractible
iff the hom maps of o are trivial Z,,-fibrations.

6.3. CONTRACTIBLE OPERADS VERSUS CONTRACTIBLE MULTITENSORS. As one would
expect a T<,,1-operad over Set is contractible iff its associated T2, -multitensor is con-
tractible. This fact has quite a general explanation.

6.3.1. PROPOSITION. Let (H,v) : (V,E)—(W,F) be a lax monoidal functor between
distributive lax monoidal categories, and I a class of maps in W. Suppose that W is
extensive, H preserves coproducts and the codomains of maps in L are connected. Then
the following statements are equivalent

1. ¢ 1s a trivial Z-fibration.
2. T is a trivial ZT-fibration.

PROOF. For each X € GV the component {I")}x is the identity on objects and for
a,b € Xy, the corresponding hom map is obtained as the composite of

11 v 1 IjHX(Ii—ﬂz’)% 11 HI;.:X(xi—lIi)

aA=xQ,...,Ln=b T0,...,Tn LQyees Ty

and the canonical isomorphism that witnesses the fact that H preserves coproducts. In
particular note that for any sequence (71, ..., Z,,) of objects of V', regarded as V-graph in
the usual way, one has

{Pw}(zlr--yzn) = ¢Z1 ----- Zn‘
Thus (1)< (2) follows from lemmas(6.2.1) and (6.2.3). n

6The monad T<s on globular sets is usually just denoted as 7: it is the monad whose algebras are
strict w-categories.



61

6.3.2. COROLLARY. Let 0<n<oo, o : A—=T<,11 be a T<pi1-operad over Set and e :
E—=TZ, be the corresponding T2, -multitensor. TFSAE:

1. a: A=T<, 41 is contractible.

2. ¢: E=T_, is contractible.

PRrOOF. By induction one may easily establish that the codomains of the maps in any of
the classes: Z,,, Z<,, Z< are connected so that proposition(6.3.1) may be applied. [

6.4. TRIMBLE’S CONSTRUCTION. In this section we exhibit Cheng’s analysis of Trimble’s
definition [11] as fitting within our framework.

Topological preliminaries. Given a topological space X and points a and b therein,
one may define the topological space X (a, b) of paths in X from a to b at a high degree of
generality. In recalling the details let us denote by Top a category of “spaces” which is
complete, cocomplete and cartesian closed. We shall write 1 for the terminal object. We
shall furthermore assume that Top comes equipped with a bipointed object I playing the
role of the interval. A conventional choice for Top is the category of compactly generated
Hausdorff spaces with its usual interval, although there are many other alternatives which
would do just as well from the point of view of homotopy theory.

Let us denote by o X the suspension of X, which can be defined as the pushout

X+X—IxX

|

1+41 ——¢X.

Writing Top, for the category of bipointed spaces, that is to say the coslice 1+1/Top,
the above definition exhibits the suspension construction as a functor

o : Top — Top,.

Applying o successively to the inclusion of the empty space into the point, one obtains
the inclusions of the (n—1)-sphere into the n-disk for all n € N, and its right adjoint

h : Top, — Top

is the functor which sends the bipointed space (a, X,b), to the space X (a,b) of paths in
X from a to b. This adjunction o - h is easy to verify directly using the above elementary
definition of o(X) as a pushout, and the pullback square

1
|

_>X1+1

X(CL, b) - XI
1 (a,b)
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where 7 is the inclusion of the boundary of I.

Thus to each space X one can associate a canonical topologically enriched graph whose
homs are the path spaces of X. In section(2) we described explicitly the adjunction
(—)X% 4 G, and in particular its unit 7, from which one may readily verify that the
assignment X — PX is the object map of the composite

Top —— G(Top,) L GTop

and by proposition(2.1.3), the component 7y of the unit of this adjunction at f : A — Set
has a left adjoint when A is cocomplete. Since Top is cocomplete, h has left adjoint o,
and G is a 2-functor, whence P is a right adjoint.

Recall from section(3.1) that non-symmetric operads within braided monoidal cate-
gories may be regarded as multitensors, and that these are distributive when the tensor
product is distributive. To say that a non-symmetric topological operad A acts on P is
to say that P factors as

Py

Top A-Cat —22~g (Top)

The main example to keep in mind is the version of the little intervals operad recalled in
[11] definition(1.1). As this A is a contractible non-symmetric operad, A-categories may
be regarded as a model of A-infinity spaces. Since P is a right adjoint, P, is also a right
adjoint by the Dubuc adjoint triangle theorem.

Inductive construction. Let A be a non-symmetric topological operad which acts on
P. Applying a product preserving functor

Q:Top—V

into a distributive category to the operad A in Top, produces an operad QA in V.
Moreover () may be regarded as the underlying functor of a strong monoidal functor
(Top, A) — (V,QA) between lax monoidal categories. Applying I' to this gives us a
monad functor

(G(Top), I'(4)) — (GV,I(QA))

with underlying functor GQ, which amounts to giving a lifting @ as indicated in the
commutative diagram
Pa

A-Cat —2 = QA-Cat

v Joas

G(Top) Q- gv

Top

and so we have produced another product preserving functor

Q" : Top — V)
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where Q) = QP4 and V) = QA-Cat. The functor Q is product preserving since G(Q)
is and U@ creates products. The assignment

Q. V) = (QW), V)

in the case where A is as described in [11] definition(1.1), is the inductive process lying at
the heart of the Trimble definition. In this definition one begins with the path components
functor my : Top — Set and defines the category Trmg of “Trimble 0-categories” to be
Set. The induction is given by

(Trmn+17 7Tn+1) = (Trm£j_)7 7T7(1+))

and so this definition constructs not only a notion of weak n-category but the product
preserving m,’s to be regarded as assigning the fundamental n-groupoid to a space.

Operads for Trimble n-categories. In the context of a product preserving functor
@ : Top — V as above, suppose that W is a lextensive category, T is a coproduct
preserving cartesian monad on W, and ¢ : S — T is a T-operad. Suppose moreover
that V = W*. Then the operad/multitensor QA is a lifting of the operad /multitensor
UQA, and so QA-Cat may be identified with categories enriched in the multitensor on
W whose tensor product is given by (U°QA), x SX; x ... x SX,, by theorem(5.2.1). But
the composites

) [Iox,
proj i

USQ(A), x [18X, ~=T1 9X;

IZITXZ' (10)

are the components of a cartesian multitensor map into 7. Thus by theorem(6.1.1)
(QA)-Cat is the category of algebras of a I'(T*)-operad over Set. Thus by the inductive
definition of Trm, and of the monads 7<,, Trm, is the category of algebras of a 7<,-
operad.

Contractibility of the Trimble operads. Let us denote by J the set of inclusions
Sl D" of the n-sphere into the n-disk for n € N. Recall that these may all be
obtained by successively applying the suspension functor ¢ to the inclusion of the empty
space into the point. By definition the given topological operad A is contractible when for
each n the unique map A,, — 1isin J', and this is equivalent to saying that the cartesian
multitensor map A — [] is a trivial J-fibration. We shall write U,, : Trm,, — G"Set for
the forgetful functor for each n.

6.4.1. LEMMA. If f: X—=Y 1is a trivial J-fibration then
1. fap : X(a,b)=Y (fa, fb) is a trivial J-fibration for all a,b € X.

2. Uymypf is a trivial Z<,,-fibration.
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PROOF. (1): To give a commutative square as on the left in

gn—1 —— X (a,b) Sn (a, X,b)
l | l l
D" —=Y (fa, fb) Dt —=(fa,Y, fb)

is the same as giving a commutative square in Top, as on the right in the previous display,
by o - h. The square on the right admits a diagonal filler D"*! — X since f is a trivial
J-fibration, and thus so does the square on the left.
(2): We proceed by induction on n. Having the right lifting property with respect to
the inclusions
f—1 141 =01 — 1

ensures that f surjective and injective on path components, and thus is inverted by
my. For the inductive step we assume that U,m, sends trivial J-fibrations to trivial
1. ,-fibrations and suppose that f is a trivial J-fibration. Then so are all the maps it
induces between path spaces by (1). But from the inductive definition of Trm,,;; we have
Uns1Tns1 = G(upm,) P and so U,117,41(f) is a morphism of (n+1)-globular sets which
is surjective on objects (as argued already in the n = 0 case) and whose hom maps are
trivial Z<,-fibrations by induction. Thus the result follows by lemma(6.2.3). =

6.4.2. COROLLARY. ([11] Theorem(4.8)) Trm, is the category of algebras for a con-
tractible T<,-operad.

PrROOF. We proceed by induction on n, and the case n = 0 holds trivially. For the
inductive step we must show by corollary(6.3.2) that the components (10) are trivial Z<,,-
fibrations, where @ = m,, T' = 7, and ¢ : S — T the contractible operad for Trimble
n-categories. But by lemma(6.4.1) the unique map U°Q(A) — 1 is a trivial Z.,,-fibration
since A is contractible, and so the result follows from lemma(6.2.1) since trivial fibrations
are closed under products and composition. [

A. Locally connected and locally presentable categories

Higher categorical structures are supposed to model the homotopy-theoretic aspects of
spaces. Thus the categories that arise in this work behave in some respects as categories
of space-like objects, even before one considers any Quillen model category structures.
The formal expression of this is that all the categories at arise in this work are are locally
c-presentable in the sense to be discussed in this section. This includes a well-behaved
notion of connected component of an object, and that the ability to decompose objects
into connected components works as one would want. From a technical standpoint, local
c-presentability also plays an important role in the dictionary between monads and mul-
titensors. In particular, the correspondence between local right adjoint multitensors and
local right adjoint monads given in theorem(3.3.1) requires that the underlying categories
are locally c-presentable.
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The material of this section is somewhat of a review, being essentially an instance
of the theory given in [1]. However we do cover the particular case of the theory of
locally c-presentable categories in considerably more detail than in [1]. There are two
principal results in this section. The first of these, theorem(A.2.4), characterises locally
c-presentable categories in various ways. From this result it is clear that locally connected
Grothendieck toposes are examples. The second result, theorem(A.2.6), exhibits algebras
of coproduct preserving accessible monads on locally c-presentable categories as locally
c-presentable. By this result the categories of algebras of higher operads are exhibited as
locally c-presentable.

A.1. CONNECTED OBJECTS AND LOCALLY CONNECTED CATEGORIES. We now collect
together the basic, mostly well-known, abstract categorical theory of connected objects
and coproduct decompositions. Recall that an object C' in a category V with coproducts
is connected when the representable V(C, —) preserves coproducts.

The natural environment within which to study coproduct decompositions is a lexten-
sive category. Recall that a category V is extensive when it has coproducts and for all
families (X; : ¢ € I) of objects of V, the functor

is an equivalence of categories. Note that this terminology is not quite standard: exten-
sivity is usually defined using only finite coproducts.

Recall that coproducts in a category are said to be disjoint when coproduct coprojec-
tions are mono and the pullback of different coprojections is initial. Recall also that an
initial object is said to be strict when any map into it is an isomorphism. The fundamental
result on extensive categories is

A.1.1. THEOREM. ([10],[13]) A category V is extensive iff it has coproducts, pullbacks
along coproduct coprojections and given a family of commutative squares

c:
. X

s

(2

fi f

-

=<

I Ve

d;

where i € I such that the d; form a coproduct cocone, the c¢; form a coproduct cocone iff
these squares are all pullbacks. In an extensive category coproducts are disjoint and the
iitial object of V' is strict.

We consider now conditions on a category which turn out to be sufficient to ensure
extensivity.

A.1.2. DEFINITION. A category V is locally connected when

1. 'V has coproducts.
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2. 'V has pullbacks along coproduct inclusions.

3. every X € V is a coproduct of connected objects.
A.1.3. LEMMA. If a category V is locally connected then it is extensive.

PROOF. Suppose f : X — () is a morphism into the initial object, and X = J[,.; X; is
a decomposition of X as a coproduct of connected objects. Then for any ¢ € I, one has
by composing with ¢; the i-th coproduct coprojection, a map X; — (). But since X is
connected there can be no such map since the hom V(X;, ) is empty, and so I must be
empty, and so X is initial, and so f is invertible. Thus V' has a strict initial object.

Given A and B in V, denote by ¢4 : A — A + B the coprojection. Given a pair of
maps f,g : X — A such that csf = cag, using X’s coproduct decomposition again one
has cafc; = cage;, but since X; is connected fc; = ge¢;, and since this is true for all 7,
f =g, and so ¢4 is mono. On the other hand suppose that a commutative square

X B
| fes
AC—A>A+B

is given. Then by composing with ¢;, one obtains another with X; in place of X, but
this cannot be since X; is connected. Thus [/ is empty, and so X is initial. Thus the
coproducts in V' are disjoint.

By theorem(A.1.1) it suffices to show that given a family of commutative squares as
on the left in

Cq

V(Z,Ci)

X, X vz, X) 29V (2, x)
fil f vz v
Y- Y VZY) i VIZY)

where ¢ € I such that the d; form a coproduct cocone, the ¢; form a coproduct cocone
iff these squares are all pullbacks. By the yoneda lemma, this is equivalent to the same
statement for the family of squares on the right (in Set) for all Z € V. Since every object
of V' is a coproduct of connected ones, it suffices to consider just those Z € V that are
connected. By the definition of connectedness, the functions V(Z,¢;) (resp. V(Z,d;))
form a coproduct cocone for all connected Z iff the maps ¢; (resp d;) do so in V, and so
the result follows by the extensivity of Set. [

A.1.4. REMARK. Let X be a topological space which is not locally connected. Then
the topos Sh(X) of sheaves on X is an example of a category which is extensive but not
locally connected.

Recall that a category is lextensive when it is extensive and has finite limits. We
shall now study the decomposability of objects in such categories. As we shall see, the
categorical datum which tells us whether all objects in a lextensive category V' admit a
coproduct decomposition, is the left adjoint (—) - 1 to the representable V (1, —), where 1
as usual denotes the terminal object.
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A.1.5. LEMMA. If V is lextensive, then the representable V(1,—) : V — Set has a left
exact left adjoint (=) - 1 given by taking copowers with 1.

PrOOF. It is a standard fact, coming from nothing more than the universal property of
coproducts, that the left adjoint take this form, and clearly (—) - 1 preserves the terminal
object. Given a pullback in Set as on the left in

J h'a)-1—P-1->B.1

n| b (ljk l b lh-l lk.l

A—= 1—a>A-1?>C-1

one has for each a € A a diagram as on the right. Since the original square is a pullback
one has canonical bijections h™'(a) = k~!(ga) enabling one to identify the top horizontal
composite as (—)-1 applied to the inclusion of the fibre k~!(ga), and so for all a these maps
exhibit B -1 as a coproduct. By theorem(A.1.1) it follows that the composite square on
the right is a pullback. Since this is true for all a € A the right-most square is a pullback,
again by theorem(A.1.1), as required. =

This is very familiar in the case where V' is a Grothendieck topos. Then the adjoint
pair (—)-1 4 V(1,—) is the global sections geometric morphism. Recall also that in this
case the existence of a further left adjoint to (—)-1 is a fundamental property, which in
the case of Sh(X) for X a topological space, is equivalent to the local connectedness of
X (see remark(A.1.4) above). Inspired by this case, we make

A.1.6. DEFINITION. Let V' be a category with coproducts and a terminal object 1. A left
adjoint to (—)-1 is denoted as

mo V. — Set
and when it exists, we say that V admits a my functor.

We now note that the connectedness of an object in a lextensive category can be
characterised in various ways.

A.1.7. LEMMA. Let V be a lextensive category and C' be an object therein. Then the
following statements are equivalent:

1. C s connected.
2. V(C, —) preserves copowers with 1.
and if in addition V' admits a my functor, then these are moreover equivalent to

3. 7T0(C) =1.
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PROOF. Suppose that V(C, —) preserves copowers with 1. Coproduct coprojections defin-
ing X = [[,.; X; assemble, by theorem(A.1.1), into pullback squares

X, x

L

to which we apply V(C, —). By theorem(A.1.1) in the case V' = Set, the functions V (C, ¢;)
form a coproduct cocone since V(C,i) do by hypothesis. Thus V(C,—) does indeed
preserve all coproducts. In the case where one has 7y, by the canonical isomorphisms
V(C,I-1) = Set(myC,I), the connectedness of C' is equivalent to Set(myC,—) being
isomorphic to the identity, which by the yoneda lemma is equivalent to moC' = 1. [

7]1

We now characterise those lextensive categories in which every object admits a de-
composition as a coproduct of connected objects.

A.1.8. PROPOSITION. Let V' be a lextensive category. Then V is locally connected iff V'
admits a o functor.

PROOF. Suppose that every object of V' can be expressed as a coproduct of connected
objects. For each X € V' choose such a decomposition, write 7y(X) for the indexing set,
and for i € mo(X) denote by ¢; : X; — X the corresponding coprojection. One induces
the map nx as in

X; X,
I
1 To(X) - 1 -1 (11)

so that the square commutes, and as indicated this square is a pullback by theorem(A.1.1).
Given a set I and a morphism f as in (11), the connectedness of X; ensures that there
is a unique ¢(7) € I making the outside of (11) commute. In this way we have exhibited
a unique g : mpX — [ making the triangle in (11) commutative, and this exhibits nx
as the component at X of a unit of mp 4 (=) - 1. Moreover the uniqueness of coproduct
decompositions is now evident, since any choice of all them gives rise in this way to an
explicit left adjoint 7y of the same functor (—) - 1, and so different choices give rise to
canonical isomorphisms between the corresponding 7y’s, which are compatible with the
corresponding units.

For the converse let us suppose that we have my 4 (=) - 1. Then one has nx : X —
mo(X) - 1, and one then takes pullbacks as in (11) to obtain the ¢; : X; — X which form
a coproduct cocone by theorem(A.1.1). To finish the proof we must show that all these
X;’s are connected, and by lemma(A.1.7) it suffices to show that the cardinality |mo(X;)]
is 1. If it was O then one would have 7y, : X; — () making X; initial too, since initial
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objects are strict. But then by defining I = mo(X) \ {i}, writing j : I — mo(X) for the
proper inclusion, one has also 7’ : X — -1 such that (j-1)n' = nyx. But by the universal
property of nx one also has a section s : mo(X) — I of j, contradicting the properness of
j. Thus |mo(X;)| > 0. Note that we have a diagram

ci

X; X
nx; l nx
mo(ci)-1

in which the outside and all regions except region (I) are clearly commutative. By the
universal property of nyx, the function my(c;) factors as

T0(X;) = 1> mo(X)

so that |im(mo(¢;))| < 1, and since my(c¢;) as a coprojection in Set is injective, we have
|7T0<XZ>| S 1. ]

A.2. LOCALLY C-PRESENTABLE CATEGORIES. We recall first some of the basic notions
from the theory of locally presentable categories [2, 16, 23]. Let A be a regular cardinal.
A A-small category is one whose class of arrows forms a set of cardinality < A, and a
category A is \-filtered when every functor J — A, where J is A-small, admits a cocone.
Colimits of functors out of M-filtered categories are called A-filtered colimits. An object X
of a category V is A-presentable when the representable V (X, —) preserves all A-filtered
colimits that exist in V. A locally small category V is locally A-presentable when it is
cocomplete and there is a set S of A-presentable objects such that every object of V' is a
Mfiltered colimit of objects from S.

There are many alternative characterisations of locally A-presentable categories, the
most minimalistic being the following. Recall that a set D of objects of V' is a strong
generator when for all maps f: X—=Y, if

V(D, f):V(D,X) = V(D,Y)

is bijective for all D € D, then f is an isomorphism. Then a locally small category V'
is locally A-presentable iff it is cocomplete and has a strong generator consisting of -
presentable objects. Other characterisations include: as categories of Set-valued models
of limit sketches whose distinguished cones are A-small; as full reflective subcategories
of presheaf categories for which the inclusion is A-accessible; to name just two. See for
instance [2, 16, 23] for a complete discussion of this fundamental notion.

The appropriate functors between such categories are the A-accessible ones — a functor
being A-accessible when it preserves A-filtered colimits. Here we describe a mild variant
of these notions in which the role of A-presentable objects is played by objects which are
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both A-presentable and connected, and accessible functors are replaced by functors which
preserve both A-filtered colimits and coproducts. A category A is A-c-filtered when every
functor J — A, where J is A-small and connected, admits a cocone. Clearly a category
is A-c-filtered iff its connected components are A-filtered, and thus a A-c-filtered colimit
is the same thing as a coproduct of M-filtered colimits”.

The categories which are A\-small and connected form a doctrine D in the sense of [1],
a A-c-filtered category is one which is D-filtered in the sense of [1] definition(1. 2), and
this doctrine is easily exhibited as sound in the sense of [1] definition(2.2).

A.2.1. DEFINITION. [1] A locally small category V is locally A-c-presentable when it is
cocomplete and has a set S of objects which are connected and \-presentable, such that
every object of V' is a A-c-filtered colimit of objects of S. A locally c-presentable category
1s one which is locally A-c-presentable for some regular cardinal \. When X is the first
infinite ordinal, we also use the terminology locally finitely c-presentable.

We have attributed definition(A.2.1) to [1] since a locally A-c-presentable category is
exactly a locally-D-presentable category in the sense of [1] definition(5.1), for the doc-
trine D of A-small connected categories. The soundness of this doctrine ensures, by
theorem(5.5) of [1], that one has various reformulations of the notion of A-c-presentable
category, analogous to those in the usual theory of locally presentable categories. We
record these reformulations in

A.2.2. THEOREM. [1] For a locally small category V' and regular cardinal \, the following
statements are equivalent.

1. 'V is locally \-c-presentable.

2. V is equivalent to the category of models for a limit sketch whose distingished cones
are \-small and connected.

3. 'V is equivalent to the full subcategory of A, Set| consisting of \-small connected
limit preserving functors, for some small category A with A-small connected limits.

4.V is a free completion of a small category with A-small connected limits under \-c-
filtered colimits.

In theorem(A.2.4) below we give further reformulations of this notion.

A.2.3. LEMMA. Let X be a reqular cardinal and V' be locally A-presentable and extensive.
Then a summand of a \-presentable object in V is \-presentable.

"When A is the first infinite cardinal, such categories are often said to be “pseudo filtered”.
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PROOF. Suppose that A, B € V and that their coproduct A + B is a A-presentable
object. Since V is locally A-presentable one has a A-filtered category I, and a colimit
cocone k; : A; — A for i € I, where the A; are A-presentable objects. Thus the maps
ki+1p: A;+ B — A+ B exhibit A+ B as a Afiltered colimit. Since A+ B is A\-presentable,
thereis j € [ and s : A+ B — A; + B such that (k; + 15)s = 1445. Extensivity ensures
that the right-most square in

1

/14]'\

A T A > 5 A

cAl CAjl/ l/CA
kj+1p

A+B—+A,+B—~——>A+B
\_/

1

is a pullback, enabling us to induce ¢ as shown which exhibits £; as a retraction, and thus
A as A\-presentable. [

A.2.4. THEOREM. For a locally small category V and reqular cardinal X\, the following
statements are equivalent.

1. 'V is cocomplete and has a strong generator consisting of objects which are connected
and \-presentable.

2. V as locally A-c-presentable.

3. 'V is cocomplete and has a small dense subcategory consisting of objects which are
connected and \-presentable.

4.V is a full subcategory of a presheaf category for which the inclusion is A-accessible,
coproduct preserving and has a left adjoint.

5.V is locally A-presentable and every object of V' is a coproduct of connected objects.

6. V is locally A-presentable, extensive and the functor (—)-1 : Set—V has a left
adjoint.

PROOF. The implication (3)=-(1) is trivial, and the equivalence of (5) and (6) is an
immediate consequence of lemma(A.1.3) and proposition(A.1.8). Given (2) V is clearly
locally A-presentable and any X € V is a coproduct of A\-filtered colimits of A-presentable
connected objects. But a A-filtered colimit of connected objects is connected, and so
(2)=(5).

(1)=(2): Let D be a strong generator of A-small connected objects, and denote also
by D the full subcategory of V' it determines. Take the closure & of D in V under A-small
connected colimits, and note that S is also essentially small (see [18] section(3.5)). Thus
S is also a strong generator of V' consisting of A-small connected objects and moreover,
the full subcategory it determines has A-small connected colimits. Thus for X € V', the
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comma category S/X is A-c-filtered, and so it suffices to show that the comma object
defining S/ X exhibits X as a colimit. Denote by K the actual colimit, for f: A — X in
S/X by k¢ : A — K the component of the colimit cocone, and by k : K — X the induced
map. Since S is a strong generator it suffices to show that for all A € S the function
V(A k) : V(A C) — V(A, X) is bijective. It is surjective by the definition of k, which
is defined as the unique map such that kk; = f for all f € S/X. To see that V (A, k) is
injective, suppose that one has b and ¢ : A — K such that kb = kc. Then since the colimit
defining K is A-c-filtered and A is A-presentable and connected, one has b, : B — K and
bs : B — X such that kp,bo = b, and similarly ¢, : ¢ = K and c3 : C' — X such that

KegC2 = c. Take the pushout
b

A——DB
CQl po |p
C—q>D

in §, and induce d : D — X as the unique map such that dp = b3 and dq = c¢3. The result
follows by
b = Kpyba = Kgpbs = Kaqcas = KeyC2 = C.

(2)=-(3): Let S be the set of A-presentable connected objects required by defini-
tion(A.2.1), and denote by i : S — V the inclusion of the corresponding full subcategory
of V. Let X,Y € V and suppose that ¢ : V(i,X) — V(:,Y) in S is given. One has
k :J — S with J small and A-c-filtered, such that col(ik) = X, and we denote by
k; + kj — X a typical component of the colimiting cocone. Induce ¢' : X — Y as the
unique map such that ¢'x; = ¢(k;) for all j € J. But then for all f : S — X with
S € S, one has ¢'f = ¢(f): since S is A-presentable and connected one can find j € J
and g : S — kj such that f = x;¢ and so

O(f) = d(kj)g = d'rjg=¢'f.

Thus V(i,1): V — S is fully-faithful, in other words, ¢ is dense as claimed.

(3)=(4): Let ¢ : § — V be the inclusion of the given dense subcategory. Then
V(1) : V — S preserves coproducts and is A-accessible since the objects of & are
connected and A\-presentable, is fully faithful since 7 is dense, and has a left adjoint given
by left kan extension along ¢ since V' is cocomplete and S is small.

(4)=(3): Let I : V' — C be the given inclusion and L be its left adjoint. Let T be the
monad induced by L - I, and note that since I is fully-faithful, it is monadic. Denote by
1 : S — C the inclusion of the closure of the representables in C under A-small connected
colimits. Since the objects of S are A-presentable and connected, and T is A-accessible
and coproduct preserving, it follows that (7', S) is a monad with arities in the sense of
27, 24, 8]. Taking

S —Fs Or N Vv
to be the identity on objects fully faithful factorisation of Li, it follows from the Nerve
theorem [8] that j : ©r — V is dense. Since for all A € O7, V(jA, —) = V(LiA, —) =



73

~

C(iA, I A) and [ preserves coproducts and AM-filtered colimits, it follows that the image of
7 consists of connected A-presentable objects.

(6)=-(1): V is cocomplete by definition. Let D be a strong generator of A-presentable
objects of V. Decompose each object of D into connected components using proposi-
tion(A.1.8), and write D’ for the set of summands of objects of D that so arise. Clearly
D’ is also a strong generator of V| its objects are connected by definition and A-presentable
by lemma(A.2.3). =

A.2.5. EXAMPLES. By theorem(A.2.4)(4) any presheaf topos is locally finitely c-presentable.
By theorem(A.2.4)(6) a Grothendieck topos is locally connected iff it is locally c-presentable.

Just as with locally presentable categories, locally c-presentable categories are closed
under many basic categorical constructions. For instance from theorem(A.2.4)(5), one sees
immediately that the slices of a locally A\-c-presentable category are locally A-c-presentable
from the corresponding result for locally presentable categories. Another instance of this
principle is the following result.

A.2.6. THEOREM. If V is locally \-c-presentable and T is a \-accessible coproduct pre-
serving monad on 'V, then VT is locally \-c-presentable.

PROOF. By the analogous result for locally presentable categories V7 is locally A-presentable
and thus cocomplete. Defining ©y to be the full subcategory of V' consisting of the \-
presentable and connected objects, (T',0p) is a monad with arities in the sense of [27].
One has a canonical isomorphism

VT VT (i,1) @T
UT\ >~ lreSj
Vom0

in the notation of [27]. Since T preserves Mfiltered colimits and coproducts, U creates
them. Since j is bijective on objects res; creates all colimits. Thus by the above isomor-
phism V7T (i, 1) preserves Mfiltered colimits and coproducts. By the nerve theorem of [27]
VT (i,1) is also fully faithful, it has a left adjoint since V7 is cocomplete given by left
extending i along the yoneda embedding, and so we have exhibited V7 as conforming to
theorem(A.2.4)(4). n

A.2.7. EXAMPLES. An n-operad for 0<n<w in the sense of [3], gives a finitary coproduct
preserving monad on the category G, of n-globular sets, and its algebras are just the

algebras of the monad. Since @Sn as a presheaf topos is locally finitely c-presentable by
example(A.2.5), the category of algebras of any n-operad is locally finitely c-presentable
by theorem(A.2.6).
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